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Introduction

Tree diameter distribution is a key piece
of information about forest stand structure
(Pretzsch 2009) which forest managers use
to evaluate recent forest management and
make decisions about further silvicultural
treatments (Burkhart & Tomé 2012, Bassil
et al. 2019). Tree diameter distribution is in-
tegrated into several individual-tree and
stand growth models (Schiitz & Rosset
2020, Pretzsch et al. 2002, Hasenauer et al.
2006, Sterba et al. 1995). In stand models,
parameters of tree diameter distribution
are often determined by regressions (Bur-
khart & Tomé 2012) in which easily mea-
sured stand parameters, such as stand
basal area (BA), mean stand diameter and
total number of trees (N), are used as ex-
planatory variables (Nord-Larsen & Cao

We evaluated three estimation methods for fitting the three-parameter
Weibull distribution to even-aged European beech (Fagus sylvatica) forests by
using experimental tree diameter data collected in 3709 sample plots (500 m?
each). The maximum likelihood estimation method (MLE), the method of mo-
ments (MOM) and the method of modified moments type 1 (MM1) were applied
for fitting the Weibull function. The goodness-of-fit of stand parameters (total
tree number, stand basal area, dominant stand diameter and mean quadratic
diameter) was tested by MAE and RMSE, and the probability and cumulative
density functions of trees per 5 cm diameter classes were additionally tested
by the Kolmogorov-Smirnov test and compared with Kolmogorov-Smirnov’s D
statistic. All three methods are suitable for estimating stand parameters based
on the fitted Weibull function. Fitting the diameter distribution per 5 cm di-
ameter classes at the plot level was less accurate due to the low number of
trees or irregular diameter distribution of trees. The MM1 method was found
to be the most suitable for fitting the three-parameter Weibull distribution to
beech forests represented by data derived from small plots.
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2006, Schiitz & Rosset 2020).

The tree diameter distribution of forest
stands is described either by the frequency
of trees per diameter class or by estimated
parameters of the theoretical distribution
(Kangas & Maltamo 2006). Theoretical tree
diameter distributions can be defined
based on the number of trees per diameter
class (Cao 2004) or the BA of trees per di-
ameter class (Kangas & Maltamo 2000, Si-
ipilehto 1999). Fitting the diameter distri-
bution with the BA of trees provides better
access to the right part of the distribution,
representing large-sized (and more valu-
able) trees, while fitting with N provides
better fitting at the left part of distribution
(i.e., small-sized trees).

Several distribution functions have been
used for fitting diameter distribution to for-
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est stands, including exponential, beta,
normal, lognormal, Johnson’s SB, Weibull
and others (Palahi et al. 2007). Since its in-
troduction by Bailey & Dell (1973), the
Weibull distribution (Weibull 1939) has
been widely used in forest science due to
its flexibility, the relative simplicity of pa-
rameter estimation, and its closed cumula-
tive density functional form. The Weibull
distribution function describes a wide
range of unimodal distributions from re-
versed-J shaped to exponential and normal
(Bailey & Dell 1973). Its special feature is
the independency of its parameters, at
least at the particular position of the 63.2t
percentile (Dubey 1967, Zanakis 1979).
Since this percentile strongly correlates
with the quadratic mean diameter (QMD)
of monospecific and regular stands as an
easily obtained stand parameter (Schiitz &
Rosset 2020), the Weibull function has of-
ten been applied for fitting diameter distri-
bution to forest stands. However, Weibull
distribution has often been applied in plan-
tations or densely planted forest stands
(Bailey & Dell 1973, Cao 2004, Lei 2008,
Schmidt et al. 2020) and much less fre-
quently in natural forests. In Europe, the
Weibull distribution has been fitted for
pure (Rosset et al. 2018, Nord-Larsen & Cao
2006, Schiitz & Rosset 2020) and mixed
stands (Mergani¢ & Sterba 2006, Siipilehto
1999).

Different estimation methods can be ap-
plied to fit the Weibull distribution (Zhang
et al. 2003, Lei 2008, Hossain & Zimmer
2003). Maximum likelihood estimation
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Fig. 1- Location of sample plots (black dots, n = 3709) in beech forests of Slovenia.

(MLE) is the most common method used in
forestry (Schiitz & Rosset 2020, Schmidt et
al. 2020), while the method of moments
(MOM - Lei 2008) or Bayes estimation (Tei-
mouri & Podlaski 2022) have been applied
rather less frequently. For estimating pa-
rameters of diameter distribution func-
tions, which is the first step in developing a
stand model (Schmidt et al. 2020), it is im-
portant to employ an adequate estimation
method. However, studies on evaluating
estimation methods for fitting the Weibull
distribution are quite limited (Zhang et al.
2003, Lei 2008, Gorgoso-Varela et al. 2012,
Teimouri et al. 2013, Akram & Hayat 2014),
and clear procedures and criteria for defin-
ing the most appropriate method are lack-
ing.

Estimation methods for fitting Weibull
distributions have mainly been evaluated
based on generated data (Nanos & Sjost-
edt De Luna 2017, Hossain & Zimmer 2003,
Chu & Ke 2012, Teimouri et al. 2013, Pob-
ocikova & Sedliackova 2014, Akram & Hayat
2014), while comparative studies based on
empirical data are less frequent. They have
been conducted in pine plantations (Lei
2008, Teimouri et al. 2013), spruce-fir for-

ests (Zhang et al. 2003) and pine forests
(Gorgoso-Varela et al. 2012), but compara-
tive studies in broadleaved forests are lack-
ing. European beech (Fagus sylvatica L.,
hereafter beech) is one of the most com-
mon trees species in Central Europe (Bohn
et al. 2000). To our knowledge there is no
evidence regarding which estimation meth-
od is the most appropriate for fitting the
Weibull distribution function to beech for-
ests. Various data sources can be applied
for fitting the Weibull function, national
forest inventories (NFI) being only one of
them. In most European countries, the NFI
is an important source of tree data, enabl-
ing its possible application to stand model-
ing (Kangas & Maltamo 2006). However,
little is known about whether data from
small sampling plots are appropriate for
the parametrization of the Weibull function
(Palahi et al. 2007, Siipilehto 1999). There-
fore, the main objectives of our study were
(i) to fit the three-parameter Weibull distri-
bution function to even-aged beech stands
based on data from small sampling plots by
using three estimation methods; (ii) to esti-
mate the adequacy of the three estimation
methods for fitting the Weibull distribution

Tab. 1 - Stand characteristics of even-aged beech stands (n = 3709). (SD): standard

deviation.
Parameter Label Mean SD Min Max
Number of trees per hectare N 540.69 207.81 230 1320
Number of trees per plot [\ 16.02 4.48 10 45
Minimum diameter (cm) Dwin 11.92 3.55 10 25
Maximum diameter (cm) Dwax 51.57 8.92 20 90
Dominant stand diameter (cm) Doom 42.05 6.79 15.00 65.50
Mean quadratic diameter (cm) QMD 29.07 5.32 12.78 47.20
Stand basal area (m? ha™) BA 33.73 9.43 4.64 70.68
Gini index of heterogeneity Gini 0.26 0.05 0.00 0.33
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to beech forests; and (jii) to assess the suit-
ability of small circular plot inventory data
for fitting diameter distribution to the Wei-
bull function.

Material and methods

We used data from the permanent sam-
pling plots (n = 98,000) of the Slovenia For-
est Service (SFS 2021), which are distrib-
uted systematically across the forest area
of Slovenia. The plots are circular and con-
centric; trees of 10-29 ¢m in diameter at
breast height (DBH) were measured in 200
m? plots (radius = 7.98 m), and trees of
DBH =2 30 ¢cm in 500 m? plots (radius = 12.62
m). To scale up the number of trees to 1 ha,
trees within the respective circles were
weighted with a representation factor of
50 or 20. In order to study even-aged
beech stands only, we included plots in
which the share of beech exceeded 80% of
the total BA. Plots with fewer than 10 trees
were discarded (Poudel & Cao 2013, Palahi
et al. 2006, Zhang et al. 2003). The Gini in-
dex is a measure of the structural diversity
of forest stands (Duduman 2011, Klop¢i¢ &
Boncina 2011) and ranges from o to 1,
where higher values indicate more hetero-
geneous forest stand structure. We ana-
lyzed plots with even-aged stand structure,
defined by Gini index < 0.33. The Gini index
was calculated using the basal area of indi-
vidual trees on each plot (Klop¢i¢ & Bon-
¢ina 2011). To divide even-sized (even-aged)
and uneven-sized stands, k-means cluster
analysis was performed, resulting in two
clusters divided at the given Gini index of
0.33. To validate such classification, the
Sokal Micherer measure of similarity was
calculated between the two clusters based
on Gini index and the field assessment of
stand heterogeneity. The McNemara ¥?
test indicated a significant similarity be-
tween clusters (p < 0.05); therefore, we
adopted 0.33 as an adequate threshold.
This was in accordance with the literature,
as Duduman (2011) defined this threshold
at 0.35 and O’Hara et al. (2007) at 0.3.

Beech is the main tree species in Slove-
nian forests, representing 33% of the total
growing stock (SFS 2021). The total area of
beech forests amounts to approximately
7500 km?, representing 70% of the potential
natural forest vegetation in Slovenia (Fig.
1). They are classified into several beech
forest types (Boncina et al. 2021). The ele-
vation of beech plots ranges from 161 to
1655 m a.s.l. Even-aged beech stands are
characterized by relatively high stand BA
and large quadratic mean diameter (QWD)
and dominant diameter (DDOM - Tab. 1).

The three-parameter Weibull function
(Weibull 1939) was used to characterize
the diameter distribution. The probability
density function (PDF) has the following
form (eqgn. 1):

g )l-4) eol5) ] o

where A, B and C are the location, scale and
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shape parameters, respectively, and x is
the independent variable, i.e., DBH in our
study. The location parameter A identifies
the lower bound of the diameter distribu-
tion, i.e., the minimum diameter (Bailey &
Dell 1973). When the distribution starts at
zero, the three-parameter PDF function be-
comes a two-parameter PDF function. The
scale parameter B corresponds to the
63.2" percentile of the distribution (Schiitz
& Rosset 2020), while parameter C defines
the shape of the Weibull distribution (Bai-
ley & Dell 1973). When C < 1 the distribution
is reversed-J-shaped, and when 1< C< 3.6
the distribution is mound-shaped and posi-
tively skewed. When C = 3.6 it is approxi-
mately equivalent to the normal distribu-
tion, and when C > 3.6 the distribution be-
comes progressively negatively skewed.
The average skewness of all plots (n =
3709) was 0.5, ranging from -1.0 to 4.3,
while the average kurtosis was -0.3, rang-
ing from -1.9 to 19.9.

Parameters A, B and C were estimated us-
ing three estimation methods: the method
of maximum likelihood (MLE), the method
of moments (MOM) and the method of
modified moments type 1 (MM1) using the
R package “ForestFit” (Teimouri 2020). For
each plot, the parameters were iteratively
searched. The estimation methods do not
always converge (Akram & Hayat 2014). In
order to detect non-convergence of esti-
mates, we cleaned extremely deviated val-
ues of parameters A, B and C and predicted
BA and N with the method for detecting
outliers using the interquartile range (Sen-
thamarai Kannan et al. 2015 — egn. 2):

@i(x)— L5IQR(x)<x<qs(x)+L5IQR(x)  (2)

where x is the parameter under observa-
tion, g, and g; are the first and third quar-
tiles of the distribution of x and IQR is the
interquartile range of parameter x. In total,
almost 42% of the plots were excluded
from the analysis due to the outlier rule. Of
this proportion, 28% were excluded due to
the extreme deviation of parameters A, B
and C and 14% due to extremely deviated
BA or N predictions. Most of these plots
were excluded due to deviated values ob-
tained by the MLE method. The percent-
ages of excluded plots due to deviated val-
ues of Weibull function parameters were
24%, 6% and 7% of the total plot number for
the MLE, MOM and MM1 methods, respec-
tively. The final dataset encompassed 3709
sampling plots (Fig. 1).

The three estimation methods for fitting
the Weibull function were evaluated based
on: (i) the number of excluded plots due to
deviated values; (ii) comparison of the ob-
served and predicted values of stand pa-
rameters; and (iii) comparison of the ob-
served and predicted values of parameters
within DBH classes.

Stand parameters (i.e., N, BA, DDOM and
QMD) for the observed and fitted distribu-
tions were compared using the mean abso-
lute error (MAE) and the root-mean-square
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Tab. 2 - Descriptive statistics of the Weibull function parameters estimated by the

three methods. (SD): standard deviation.

Parameter Method Mean SD Min Max
MLE 14.04 3.62 8.09 27.50

A MOM 20.99 4.02 11.62 32.40

MM1 14.25 3.56 10.78 27.50

MLE 12.57 4.31 0.14 27.62

B MOM 6.36 1.96 0.28 13.77
MM1 13.85 4.88 0.04 27.56

MLE 0.86 0.47 0.19 2.07

C MOM 1.08 0.08 0.61 1.33
MM1 1.28 0.24 0.33 2.06

error (RMSE). Since parameter C defines
the shape of distribution, we analysed the
Pearson’s correlation between the shape
parameter C and the Gini index as a mea-
sure of stand homogeneity. To test for dif-
ferences between the fitted and observed
diameter distributions for the 5 cm DBH
classes, several tests were used: the Kol-
mogorov-Smirnov (KS) goodness-of-fit test
by using the cumulative density function
(CDF); KS’s D statistic, which is the maxi-
mum difference between empirical and fit-
ted CDF (Zuur et al. 2007); and the MAE
and RMSE, both based on the PDF for each
5 cm DBH class by using relative frequen-
cies of trees per DBH class, which enabled
comparison of plots regardless of the num-
ber of trees. Finally, we calculated the
mean values of MAE, RMSE and KS’s D
statistic for each estimation method. Esti-
mated Weibull distributions from the three
analysed methods were illustrated with
three plots showing typical distribution:
approximately normal, right skewed (re-
versed-J-shaped) and multimodal distribu-
tion. Since stand structure may affect fit-
ting (Mergani¢ & Sterba 2006), we ex-
plored the correlation between stand pa-
rameters (BA and QMD) and the mean
MAE within DBH classes.

Results
The mean values of the Weibull function

parameters A and B were quite similar
when obtained by the MM1 or MLE meth-
od, while MOM gave higher values of pa-
rameter A and lower values of parameter B
(Tab. 2). The mean values of parameter C,
indicating the shape of distribution, exhib-
ited the expected values above 1 when ob-
tained by the MM1 and MOM methods, but
not by the MLE method. Pearson’s correla-
tion coefficients between the shape param-
eter C and the Gini index were -0.130, -0.205
and -0.214 for the MLE, MOM and MM1
methods, respectively (all p < 0.001).

The differences in N, BA, DDOM and QMD
between observed and fitted distributions
were quite low for most plots (Tab. 3). The
MAE varied between 0.04 and 10.8 m? ha"
and 3 to 42 trees ha“ for BA and N, respec-
tively, when different estimation methods
were considered. Differences between ob-
served and fitted values were lower for
QMD than for DDOM for all methods. Of all
methods, MM1 had the smallest differ-
ences between the observed and pre-
dicted stand parameters.

The MM1 method also outperformed the
other two methods in goodness-of-fit mea-
sures for distributions per DBH class (Tab.
4). When MAE or RMSE were considered,
the performance of the MLE method was
similar to that of the MM1 method, while
the MOM method performed much poorer
(Fig. 2, Tab. 4). However, when the MLE

Tab. 3 - Goodness-of-fit measures for number of trees (N), stand basal area (BA), qua-
dratic mean diameter (QMD) and dominant stand diameter (Dpow) for the three esti-

mation methods (n = 3709).

Parameter Statistics Method
MLE MOM MM1
N MAE (ha) 41.91 21.59 2.51
RMSE (ha™) 82.17 36.48 19.51
BA MAE (m? ha™) 10.72 2.96 0.04
RMSE (m? ha™) 15.40 3.31 0.03
QMD MAE (cm) 6.20 1.28 0.03
RMSE (cm) 9.05 1.41 0.08
DDOM MAE (cm) 6.83 7.73 3.25
RMSE (cm) 9.40 8.14 4.12
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method was used, the observed and fitted

>
"E 30001 3000 30004 distributions significantly differed in almost
v 4% of the plots (KS test, p < 0.05).
o To illustrate the estimated Weibull distri-
- butions by using the three different meth-
-E ods, three plots with typical distributions
© > ] ] are displayed in Fig. 3. The best fit was de-
$ 8 e 2000 4 tectedF:‘or the ne;gr-normal distribution; in
E g this plot the observed and fitted distribu-
9 o tions using MLE and MM1 differed by only
7 qu 4% on average across DBH classes. Most of
8 10001 1000 10004 the Frlterla |r?d|c'atec'i poor ﬁtt!ng for the
o0 multimodal distribution. A statistically sig-
S nificant difference (KS test, p < 0.05) be-
m; tween observed and fitted multimodal dis-
,—‘— tributions was detected for MLE only, al-
gt 0 0 0 though the other two methods also poorly
g fitted the multimodal distribution. How-
o 1 4 3 1 z 8 1 4 2 ever, all methods applied for the multi-
LS MLE MOM MM1 y

modal plots appeared to have a better fit
to N in comparison to those with a re-
versed-J-shaped distribution. The MOM
method simulated fewer thinner trees in
plots with a multimodal distribution in
comparison to the other two methods,
which is a consequence of a higher value of
parameter A (Tab. 2).

For all methods the impact of stand struc-
ture on the goodness of the Weibull func-
tion fitting was tested (results shown for
MM1 only). The comparative analyses of

Fig. 2 - Ranking of three estimation methods in regard to their performance of fitting
the diameter distribution measured by MAE per 5 cm DBH classes (n = 3709). Ranks:
the method exhibits the lowest MAE (rank 1), the second lowest MAE (rank 2) and the
highest MAE (rank 3).

Tab. 4 - Goodness-of-fit measures for diameter distributions per 5 cm DBH classes for
the three estimation methods. “Different distributions” is the share (%) of plots with
significantly different distributions, detected by the KS test (p > 0.05).

Different Mean Mean Mean KS’s D . R
Method distributions (%) MAE RMSE statistic MAE for diameter distributions ﬁttgd by
MM1 per BA and QMD classes indicated
MLE 3.9 0.086 0.117 0.388 lower MAE in plots with higher BA and
MOM 0.0 0.134 0.195 0.308 QMD (Tab. 5).
MM1 0.0 0.084 0.114 0.257

Discussion

Our study is one of the first attempts to
fit the Weibull distribution function to em-
pirical data representing semi-natural Euro-
pean beech forests. We used data from
small concentric circular sampling plots,
which is quite rare when fitting the diame-

Tab. 5 - Mean MAE values for tree number per 5 cm DBH classes calculated from the
observed and fitted distributions using the MM1 method, shown per quadratic mean
diameter (QMD) and stand basal area (BA) classes.

BAE:IIZa)SS QMD class (cm) ter distribution of forest stands (Lei 2008,
10-20 20-30 30-40 > 40 Schmidt et al. 2020). Our results showed
0-20 0.168 0.112 - - that the three-parameter Weibull function
20-30 0.125 0.088 0.096 - can be fitted to even-aged beech forests
30-40 0.103 0.073 0.082 0.081 using such qata. However, the gooqness of
fit substantially depends on the diameter
40-50 ) 0.060 0.064 0.077 distribution of empirical data. In stands
Fig. 3 - Examples of fitted
0.20 0.15 distributions for plots with
03 representative distribu-
’ tions: approximately nor-
0.15 mal distribution (left), right
0.10 skewed distribution (mid-
=y ‘?0 2 oy dle) and multimodal distri-
2510 2 L bution (right). For each
[0 O] O] plot, fitted distributions
0o ;i o o 0.05 from the three methods
o 0.1 : (MLE, MOM, MM1) and the
0.05 /’\\ histogram of observed
8 empirical data are shown.
A S’F
0.00 " —= 0.0 0.00
10 20 30 40 50 10 20 30 20 40 60
DBH DBH DBH

Methods — MLE - MM1 -- MOM
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with a unimodal distribution fitting was
mostly successful, while in stands with a
multimodal diameter distribution, fitting
was poor or even impossible.

Comparison of estimation methods for
fitting the Weibull function

We evaluated three estimation methods
for fitting the Weibull function by compar-
ing (i) the number of excluded plots due to
deviated values, (ii) the observed and pre-
dicted values of stand parameters, and (iii)
the observed and predicted values of pa-
rameters within DBH classes. The propor-
tion of excluded plots due to extremely de-
viated values was fairly high. The non-con-
vergence of estimates seems to be an im-
portant criterion for selecting the most ap-
propriate fitting method. Our results
showed that when using the MLE method
the number of excluded plots was almost
four times larger than that obtained using
MM1 or MOM. Akram & Hayat (2014) found
that MLE can outperform other methods
for estimating the three-parameter Weibull
distribution as long as convergence is at-
tained. This result is in accordance with
simulation studies (Chu & Ke 2012, Teimouri
et al. 2013, Akram & Hayat 2014, Pob-
ocikova & Sedliackova 2014) indicating that
other estimation methods outperformed
MLE when the number of trees is small and
the shape parameter C smaller than one,
which was often the case in our study (Tab.
2). The number of excluded plots, meaning
the plots in which the MLE method exhib-
ited non-convergence, would likely be
much lower if the proportion of plots with
unimodal mound-shaped distributions was
higher.

The comparative analysis of the observed
and fitted values of N, BA, QMD and DDOM
indicated that all stand parameters at the
plot level are well predicted. Of all meth-
ods, the MM1 method exhibited the best fit
for all stand parameters, followed by the
MOM and MLE methods.

Goodness of fit for diameter distribution
per DBH class was much worse in compari-
son to the goodness of fit for stand param-
eters (Tab. 3, Tab. 4). The MM1 method
was superior to MOM and MLE again con-
sidering the mean values of MAE, RMSE
and KS’s D statistic for diameter distribu-
tions per DBH class. The mean MAE for
tree number per DBH class, amounting to
around 8% of trees in each 5 cm DBH class,
was quite comparable for the MM1 and
MLE methods. Gorgoso-Varela et al. (2012)
reported lower values of goodness-of-fit
measures for fitting the Weibull distribu-
tion to homogeneous pine stands. How-
ever, they used larger sample plots, and
only plots with 30 or more trees were in-
cluded in the analysis.

The MM1 method outperformed the MLE
method with respect to the lowest propor-
tion of plots with a significant difference
between observed and the fitted diameter
distributions. However, the latter should
be interpreted with caution since they are

iForest 15: 484-490
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based on the KS test with relatively low
frequencies per DBH class.

Suitability of data from small inventory
plots for fitting the Weibull distribution
function

Our results indicate that forest inventory
data obtained on relatively small sampling
plots can be used for fitting the Weibull di-
ameter distribution, but with some limita-
tions. The proportion of plots excluded
from the analysis due to extremely devi-
ated values of distribution function param-
eters or modelled BA and N was almost
42%. Akram & Hayat (2014) calculated the
non-convergence rate in a different way
but still reported a rate of about 44% for
sampling plots with 10 trees per plot and
shape parameter 1.5. There are several pos-
sible reasons for the non-convergence. The
small size of the sampling plots is probably
the most important. The expectation that
the theoretical distribution can be fitted to
data from every small plot often containing
a low number of trees is simply unrealistic
(Nord-Larsen & Cao 2006, Merganic¢ & Ster-
ba 2006), especially if the DBH classes are
narrow. In our study only plots with 10 or
more trees were included in the analysis.
Ten trees has often been recommended as
the minimum number of trees for estimat-
ing Weibull distribution parameters (Kan-
gas & Maltamo 2000, Palahi et al. 2006,
Poudel & Cao 2013), although some studies
have suggested 15-30 trees or even more
(Mergani¢ & Sterba 2006, Palahi et al.
2007, Gorgoso-Varela et al. 2012, Sghaier et
al. 2016, Schiitz & Rosset 2020). The size of
our sampling plots was 0.05 ha. In similar
studies sampling plots of approximately
the same size were applied (Zhang et al.
2003), but larger plots were typically used,
for instance, > 0.25 ha (Schitz & Rosset
2020) and 0.62 ha (Cao 2004). Due to the
threshold value of 10 trees, some plots in
mature stands with low tree density were
excluded from the analyses, which seems
to be one of the disadvantages of using
small plots for fitting diameter distribution.
However, due to the large total number of
plots used in our study, a sufficient number
of plots from mature stands (mean DDOM
= 42 ¢m, maximum DDOM = 66 c¢m) were
included in the analysis.

Several studies have confirmed that the
estimation of the Weibull function parame-
ters improves by increasing the number of
trees used for fitting (Hossain & Zimmer
2003, Chu & Ke 2012, Teimouri et al. 2013,
Pobodikova & Sedliackova 2014, Akram &
Hayat 2014). However, this was not con-
firmed in our study. On the contrary, the
tree density in many plots excluded from
the analyses was even higher when com-
pared to the tree density of the analyzed
plots (results not shown). It seems that
stand parameters affect the fitting perfor-
mance of the Weibull distribution (Mer-
gani¢ & Sterba 2006, Nord-Larsen & Cao
2006, Schiitz & Rosset 2020). Our results
showed that the smallest differences be-

tween observed and predicted diameter
distributions were found in stands with
high BA and relatively high QMD. This
means that the Weibull function fitted bet-
ter to dense mature stands and worse to
low density stands under regeneration that
are characterized by a high QMD and a low
BA (Mergani¢ & Sterba 2006).

The irregular (e.g., bimodal or multimod-
al) empirical diameter distribution of trees
might be the second important reason for
non-convergence. Such a diameter struc-
ture may be a consequence of past distur-
bances, non-regular harvesting or a specific
thinning regime (Mergani¢ & Sterba 2006).
Such distributions can be fitted by dividing
the distribution into more parts (e.g., layer
by layer) by using methods such as the fi-
nite mixture model (Teimouri & Podlaski
2022), splines or generalized additive mod-
els (Perperoglou et al. 2019) to improve fit-
ting.

Stand heterogeneity correlates signifi-
cantly with the parameter C, which indi-
cates the shape of the diameter distribu-
tion (Bailey & Dell 1973). We found a quite
weak negative correlation between the pa-
rameter C and the Gini index, indicating
structural heterogeneity; the MM1 and
MOM methods showed higher correlation
than the MLE method. Structural diversity
indices do not unambiguously identify
even-aged stands; stands may be of differ-
ent structures but have the same diversity
index (Gove et al. 1994, Duduman 2011).
Despite the low threshold value of the Gini
index to identify even-aged stands (< 0.33),
a surprisingly high number of plots exhibit-
ing reversed-J-shaped distribution were
found with parameter C < 1, especially
when the MLE method was applied. One of
the possible reasons is that the Gini index
was calculated with the BA of trees, which
means that larger trees give more weight
to the index than thinner trees, while we
fitted the Weibull distribution according to
the number of trees. The second, but even
more decisive reason for reversed-J-
shaped distributions could be the presence
of understorey trees (i.e., 10-20 cm in DBH),
which can also be common and numerous
in even-aged stands in the study area man-
aged with the irregular shelterwood sys-
tem (Klop¢i¢ & Bon¢ina 2012). The under-
storey layer of small-sized trees can dra-
matically increase the Gini index (and struc-
tural diversity) if the threshold for tree
measurement is low (O’Hara et al. 2007).
Therefore, in some studies understorey
trees (Kangas & Maltamo 2000) or trees
below the upper canopy (Nord-Larsen &
Cao 2006, Rosset et al. 2018) were ex-
cluded from the analyses, a higher diame-
ter measurement threshold was adopted
(O’Hara et al. 2007, Duduman 2011), or sep-
arate analyses were done for social classes
of trees (Zasada & Cieszewski 2005).

Thirdly, the selected method for fitting
the Weibull distribution function can influ-
ence non-convergence. According to Akr-
am & Hayat (2014), the non-convergence
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rate when using the MLE method is high
when the plot number is small and the
shape parameter C < 1. Our results con-
firmed this conclusion.

Finally, in forest inventories only trees
above the DBH threshold are measured
(Tomppo et al. 2008), which results in a
truncated distribution of trees (Nanos &
Sjostedt De Luna 2017). To avoid bias in es-
timating the parameters (Zutter et al. 1986,
Palahi et al. 2007), a truncated version of
the (Weibull) distribution function is sug-
gested. The bias increases as the QMD ap-
proaches the threshold measurement di-
ameter (Zutter et al. 1986, Mergani¢ &
Sterba 2006); however, this was not the
case in our study.

Conclusions

All three tested estimation methods
(MM1, MOM and MLE) provided relatively
reliable estimations of stand parameters
(N, BA, DDOM and QMD) which are impor-
tant for forest managers, but fitting the
distribution to tree frequencies per DBH
class exhibited much poorer results. Al-
though MLE has been the most commonly
used estimation method in forestry, its
high non-convergence rate is a major disad-
vantage compared to the other two meth-
ods. When considering a set of criteria for
the estimation of fitting methods, the MM1
method seems to be superior for fitting the
three-parameter Weibull distribution to
beech forests represented by data derived
from small plots. Finally, data from small
sample plots (0.05 ha), such as those from
the NFls, are suitable for predicting stand
parameters derived from fitted or mod-
elled diameter distributions, but less ap-
propriate for modelling tree frequencies
per DBH class.
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