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Modeling compatible taper and stem volume of pure Scots pine stands in
Northeastern Turkey

Burak Saygili (1), 
Aydin Kahriman (2)

Compatible taper and volume equations for pure and natural Scots pine stands
in the northeastern part of Turkey (Ardahan Province) were developed using a
nonlinear mixed-effects modeling approach. Experimental data were obtained
from 137 felled sample trees in different diameter and height classes. The
most successful model (Jiang et al. 2005) explained 98.3% of the variance in
stem diameter estimation and the RMSE, ME, MAE, AIC and BIC value obtained
using this model were 1.955 cm, 0.043 cm, 1.300 cm, 9783.8 and 9812.6, re-
spectively. Considering the criterion values of AIC, BIC and -2LnL, the model
with random-effects in two parameters (b1 and b3) was the most successful for
Scots pine. While the mixed model including random parameters did not com-
pletely solved the problem of the autocorrelation of errors in this study,  the
use of the autoregressive error structure AR(1) eliminated the autocorrelation
in the residuals. In addition, the best estimation results among 20 different
calibration options were obtained using the option of measuring two tree di-
ameters at d1.30 and d5.30  with validation data.  The most successful model ex-
plained 99.18% of the total variance in stem volume estimation in Scots pine.

Keywords: Nonlinear Mixed-effects Model, Segmented Polynomial Taper Mod-
els, Calibration, Random Parameters, Autocorrelation, Stem Volume

Introduction
Scots  pine (Pinus sylvestris L.)  is  one of

the most important commercial forest tree
species in Turkey due to its wide spatial dis-
tribution,  economic  value,  growth  and
wood structure. According to the forest in-
ventory data of the Turkish General Direc-
torate of Forestry in 2015, Scots pine cov-
ers nearly 1,518,929 ha (6.80%) of the total
forest area of the country (GDF 2015).  Al-
most 192,233 ha (12.7%) of Scots  pine for-
ests  are located  in  the  Erzurum Regional
Directorate of Forestry, of which 25,159 ha
(13.1%)  are located in Ardahan State Forest
Enterprise (SFE), the case study area.

While the volume of trees can be practi-
cally  calculated using various tree volume
equations,  the  volume  or  proportions  of
derived  wood  assortments  such  as  mine
poles, industrial wood, pulp and paper, and
firewood cannot be so easily  determined.
For this reason, taper models that provide

detailed estimates of both tree volume and
wood  assortments  are  needed  (Diéguez-
Aranda et al. 2006, Çakir & Kahriman 2018,
He  et  al.  2021,  Hirigoyen  et  al.  2021).  In-
deed, the stem diameter of a tree gradually
decreases  from the base to  the top,  and
the rate of decrease in diameter along the
stem is called the stem taper. The rate at
which  stem  diameter  decreases  upwards
depends on tree species, age, spatial condi-
tions, tree genetics, silvicultural practices,
site conditions and climatic characteristics
(Pukkala et al. 2019). Equations for stem di-
ameter and volume are important compo-
nents of forest inventory, growth and yield
modeling,  forest  management  planning,
and  product  simulation  systems  (Quiño-
nez-Barraza et al. 2019, Salekin et al. 2021).
To  describe  stem  taper  throughout  the
bole with different geometric solids, com-
patible  taper  models  with  a  set  of  sub-
models  have long been used (Fang et  al.

2000,  Zhao  et  al.  2019,  Ozçelik  &  Alkan
2020,  Salekin  et  al.  2021).  According  to
Kozak (2004), these taper models provide
estimates of: (i) diameter inside or outside
bark at any height of the stem; (ii) height
of any stem diameter; (iii)  total stem vol-
ume; (iv) merchantable volume; (v) the vol-
ume  of  wood  assortment;  (vi)  individual
volume for logs between any two heights;
and  (vii)  individual  volumes  for  logs  be-
tween  any  two  diameters  on  the  stem
(Barrio-Anta et al. 2007, Ozçelik et al. 2011,
Senyurt et al. 2017).

Since the 1900s, many stem profile mod-
els in different forms have been developed.
According to Diéguez-Aranda et al. (2006),
these stem profile models have been classi-
fied  as  simple  stem  profile  models  (De-
maerschalk 1973),  variable-form stem pro-
file models (Bi 2000, Lee et al. 2003, Kozak
2004), and segmented stem profile models
(Max & Burkhart 1976, Parresol et al. 1987,
Fang et al. 2000, Jiang et al. 2005). The suc-
cess of these models varies depending on
the tree species, data set and model struc-
ture (Sakici et al. 2008, Ozçelik et al. 2011).
The models of the first group describe tree
taper using a simple mathematical function
which can be either trigonometric, polyno-
mial, or a power function. In the models of
the  second  group,  a  single  continuous
function  with  an  exponent  that  changes
from the base to the top describes various
intermediate  shapes  such  as  neiloids,
cones and paraboloids. The models in the
last  group,  the segmented polynomial  ta-
per  models,  are compatible  taper  models
and can estimate the entire stem profile in
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the most realistic way, since they split the
tree  stem  into  appropriate  sections  and
calculate  each  section  separately  (Koirala
et  al.  2021).  An  important  advantage  of
these stem profile models over other mod-
els is that stem profile models can be easily
converted into equations for volume calcu-
lations (Fang et al.  2000). The compatible
segmented taper models for commercially
available tree species are very useful  and
flexible tools for both forest research stud-
ies and forest inventory (Sharma & Parton
2009, Adamec et al. 2019).

Diameters  measured at different heights
on a single tree are used as an important
data  source  for  developing  stem  profile
models.  Consequently,  sequential  mea-
surements along the tree stem are related
with each other (Garber & Maguire 2003).
According to Leites & Robinson (2004), “in
a  hierarchical  data  structure  where  each
tree has its own stem development, there
may  be  interdependence  of  the  data,
which  is  called  a  «series-correlation» or
«autocorrelation» problem” (Cao & Wang
2011,  Gómez-García et al. 2013). Such serial
correlation between sample data leads to
systematic error in the estimation of confi-
dence intervals  of parameter estimates of
stem  diameter  and  stem  volume  equa-
tions, and thus negatively affects the relia-
bility the model results (Searle et al. 1992,
Kurt 2014). Therefore, for hierarchical data
structures  where  the  assumption of  data
independence  cannot  be  achieved  and
there is a problem of serial correlation be-
tween  data,  the  use  of  the  nonlinear
mixed-effects  (NLME)  modeling  approach
is recommended to model the variance-co-
variance matrix structure (Keselman et al.
1998). If the mixed model that includes ran-
dom parameters does not completely elim-
inate autocorrelation of the errors, the au-
toregressive error  structure AR(1)  can re-
move the autocorrelation in the residuals
(Ozçelik & Alkan 2020, Hussain et al. 2021).

Stem diameters at  different heights and
stem  volume  predictions  of  commercial
trees such as Scots pine are critical for de-
veloping  thorough  forest  management
plans.  This  study  focuses  on  developing
compatible  taper  and  volume  models,
which allow comprehensive volume and di-

ameter  estimations  for  pure  and  natural
Scots pine stands distributed in the Arda-
han  SFE  of  Erzurum  Regional  Directorate
of Forestry,  using the nonlinear  mixed-ef-
fect modeling approach.

Materials and methods

Materials
Pure Scots pine stands  are naturally  dis-

tributed  in  the  Ardahan  province,  North-
eastern Turkey (40° 45′ 24″ – 41° 36′ 13″ N,
42°  25′ 43″ –  43°  29′ 17″ E),  where  the
monthly average temperature ranges from
-11.1 to +16.4 °C (annual average of 3.9°C),
the lowest temperature is between -39.8 °C
and  -2.2  °C,  and  the  highest  temperature
reaches  35  °C.  The  average  total  annual
precipitation is 573.9 mm and the average
annual  relative  humidity  varies  between
65%  and  71%  (Anonymous  2016).  Ardahan
has a continental climate with long winters
(seven months), very short spring and fall
months, cool summers and springs.

The area of the Ardahan State Forest En-
terprise  is  approximately  547,671  ha,  of
which  30,757.4  ha  (5.6%)  are  covered  by
forests and 516,913.6  ha (94.4%)  are  bare
lands.  Of  the  forested  area,  24,343.3  ha
(79%) are productive forests,  while 6,414.1
ha (21%) are unproductive or degraded for-
ests. 

The case study area covers 24,106 ha of
pure Scots pine forests in the Ardahan re-
gion, which are managed under five differ-
ent  management  units;  3819  ha  are  as-
signed to the Ardahan forest management
unit,  4525 ha are assigned to the Köroğlu
forest  management  unit,  1582  ha  are  as-
signed  to  the  Posof  forest  management
unit,  7865  ha are  assigned to  the Uğurlu
forest  management  unit  and 6314  ha are
assigned to the Yalnizçam forest manage-
ment  unit  (Anonymous 2016).  The spatial
distribution  of  pure  Scots  pine  stands  in
the case study area is shown in Fig. S1 (Sup-
plementary material).

Data from 137 sample trees felled in pure
and natural  Scots pine stands  in  Ardahan
SFE, Erzurum Regional Directorate of For-
estry, were used as source material for this
case study. In the selection of the sample
trees,  due  care  was  taken  to  distribute

them as equally and evenly as possible in
different diameter and height classes and
to best reflect the variability in volume de-
velopment.

The sample trees were cut from the base
diameter  of  the  stem  (0.3  m  above  the
ground), and then the bottom diameter of
he  log  (0.3  m),  the  diameter  at  breast
height (1.3 m), and other diameters at 1 me-
ter  regular  intervals  (2.3  m,  3.3  m,  4.3  m
etc.) were  measured.  All  measures  were
taken using  calipers with an accuracy of ±
1.0  mm.  In  addition,  the  heights  of  the
trees  were  measured  with  a  steel  tape
measure to an accuracy of ± 1.0 cm. The di-
ameters  of  non-circular  sections  on  the
stem were measured in two directions per-
pendicular to the stem section and their av-
erage was calculated.

A total  of  2939 diameter measurements
were taken from the 137 sample tree stems
felled within the scope of this  study.  The
data used in the study were randomly di-
vided into two groups: (i) the data used to
estimate the parameters of the stem pro-
file  models  (Group  I  data:  approximately
80% of the total data – 2340 stem diameter
records  from 110 trees);  and (ii)  the data
used  to  validate  the  suitability  of  these
models  for  the  stand  (Group  II  data:  ap-
proximately  20%  of  the  total  data  – 599
record from 27 trees). Fig. 1 shows the dis-
tribution of  relative diameters  by  relative
height values for both the training and the
validation  data  sets  for  Scots  pine  trees.
Statistical information and some tree char-
acteristics of 137 sample trees felled in the
Ardahan forests are presented in Tab. 1.

Methods

Segmented polynomial taper models
We  used  four  segmented  polynomial

stem profile models  which have been  em-
ployed in other similar studies: Model 1 by
Jiang  et  al.  (2005),  Model  2  by  Max  &
Burkhart (1976), Model 3 by Parresol et al.
(1987), and Model 4 by  Fang et al. (2000).
All models used in this study are compati-
ble and segmented polynomial stem profile
models. The equations for various compati-
ble  taper  and  stem  volume  models  used
are  described  in  Tab.  S1  (Supplementary
materials).  Jiang  et  al.  (2005) used  a  re-
duced form of Clark et al. (1991) taper mod-
el.

The  NLIN  procedure  of  the  software
package SAS/STAT® v. 9.3 was used to esti-
mate the parameters of the four stem ta-
per  and  volume  models  (SAS  Institute
2013). The adjusted coefficient of determi-
nation  (Radj

2),  Root-Mean-Square  Error
(RMSE), Mean Error (ME), Mean Absolute
Error (MAE), Akaike’s Information Criterion
(AIC) and Schwarz’s Bayesian Information
Criterion (BIC) were used to evaluate the
performance  of  the  stem  taper  models
(eqn. 1  to eqn. 6).  Actually,  it is desirable
that the adjusted coefficient of determina-
tion (Radj

2) is close to 1 and the other crite-
ria are lower (Castedo-Dorado et al. 2006,
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Fig. 1 - Plots of the relative height versus relative diameter outside bark for (a) the fit-
ting data points, and (b) the validation data points.
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Sönmez et al. 2016,  Kahriman et al. 2018).
The model evaluation criteria were given in
the following equations (eqn. 1 to eqn. 6):

(1)

(2)

(3)

(4)

(5)

(6)

where n is the number of observations; p is
the number of coefficients in the model; yi,
ŷi and ȳ are the observed, predicted and av-
erage diameters outside bark, respectively;
k is the number of parameters in the mod-
el; L is the maximum likelihood value (ML).

After  determining  the  best-fit  of  the
above four  segmented stem profile mod-
els,  the  mixed-effects  modeling  approach
was used to estimate the best-fit stem di-
ameter model.

Nonlinear mixed-effects modeling 
approach

Different  diameter  values  measured
along  each log  were used to develop the
taper  models.  Diameters  taken  from  the
same log are interdependent (serial corre-
lation  or  “autocorrelation”),  thus  one  of
the basic assumptions of regression analy-
sis  is  neglected  (Valentine  &  Gregoire
2001). According to Ye (2005), the violation
of this assumption can lead to the estima-
tion of parameter confidence intervals with
a systematic error, which negatively affects
the reliability of the model and results in er-
roneous estimates. In the development of
regression  models,  the  nonlinear  mixed-
effects  model  (NLME)  approach,  which
specifically allows the modeling of the vari-
ance-covariance matrix structure, is recom-
mended instead of using nonlinear regres-
sion  analysis  and  parameter  estimation
procedures  based  on  different  numerical
analysis methods (Keselman et al. 1998).

In  the  mixed-effects  model,  parameters
are divided into two groups: fixed and ran-
dom effects. The fixed effect parameter ex-
presses the general  relationships that ap-
ply to the entire population.  The random
effect  parameter  describes  the  variability
between different sampling units  (sample
trees). The structure of the nonlinear mix-
ed-effects model is presented below in the
form of a matrix (eqn. 7, eqn. 8):

(7)

(8)

where Yij is the value of the dependent vari-

able for  the  j-th  measurement of  the  i-th
sampling tree;  f is a nonlinear function;  Φi

are the parameter values of the model;  Xij

is the value of the independent variable for
the  j-th measurement of the  i-th sampling
tree; εij are the model errors [=N(0,R)]; β is
the  fixed-effects  parameter  vector  com-
puted for the entire population; bi = N(0,D)
is a vector of random parameters (indicat-
ing the difference between sample trees)
having a  multivariate  normal  distribution
with mean  bi of 0 and variance-covariance
matrix D; Aij and Bij are the fixed-effect and
random-effect  parameters,  respectively.
The component D is a positive definite vari-
ance-covariance matrix expressing the vari-
ability between the sample trees (between
trees  variability);  the component  R repre-
sents  the  variance-covariance  matrix  de-
scribing  the  variability  (within-trees  vari-
ability) between the measured data in the
sample trees (Castedo-Dorado et al. 2006,
Trincado & Burkhart  2006,  Adamec et  al.
2019, He et al. 2021).

The  parameters  of  Jiang  et  al.  (2005)
stem taper  model  were estimated in  this
study via AR (1) autoregressive modeling to
remove  the  autocorrelation  between  the
data collected as time series, especially the
stem analysis data. The AR (1) autoregres-
sive modeling has been used in many stud-
ies  and  is  recommended  especially  when
nonlinear mixed-effects modeling does not
completely remove the autocorrelation of
errors (Ozçelik & Alkan 2020,  Koirala et al.
2021, Hussain et al. 2021).

The  variance  components  and  constant
parameters  of  the  best-fit  stem  profile
model  were  estimated  using  the  PROC
NLMIXED procedure in the SAS/ETS® v. 9.3
statistical  package (SAS  Institute  2013).
This method was used to test different ran-
dom parameter combinations to create the
best  stem  profile  model.  Root-Mean-
Square Error (RMSE), Akaike’s Information
Criterion  (AIC),  Schwarz’s  Bayesian  Infor-

mation Criterion (BIC) and twice the nega-
tive  log-likelihood  (-2LnL) criteria  were
used to determine the best-fitting parame-
ter combination for the random effect.

Calibration responses
Another important issue to be evaluated

and solved in mixed-effects modeling is the
identification  of  the  “calibration  re-
sponses” of the model. Calibrated models
offer the possibility of more accurate, con-
sistent, and reliable estimates (Castedo-Do-
rado et al. 2006, Trincado & Burkhart 2006,
Yang  et  al.  2009,  Cao  &  Wang  2011).  In
mixed-effects models, random parameters
are  calculated  using  newly  obtained  ob-
served  values  from  the  sample  areas  by
adding this random parameter to the fixed-
effect parameter values valid for the entire
population and calculating the valid param-
eter  values  for  the  sample  area  under
study. The Best Linear Unbiased Predictor
(BLUP) method is used to calibrate mixed
models in forestry.

BLUP requires the measurement of a cer-
tain number of new data in a site or sample
area to be calibrated, especially when esti-
mating  the  random-effect  parameter  (He
et al. 2021). In particular, the determination
of the trees (thickest, thinnest or near-me-
dian diameter trees) to be measured in the
sample areas is referred to as the “calibra-
tion response” of  the mixed-effects mod-
els.  For  this  purpose,  random parameters
are  calculated  using  trees  with  different
characteristics  in  the  same sample  areas,
and the error values of the estimates  ob-
tained in the next  step are analyzed.  The
random effects  parameter  was  estimated
using  the  following  equation  (Trincado &
Burkhart 2006, Yang et al. 2009 – eqn. 9):

(9)

where D and R are the variance-covariance
matrices previously defined; Zi is the design

iForest 16: 38-46 40

Tab. 1 - Descriptive statistics for the fitting and the validation data points. (D): diame-
ter at breast height (cm); (H): total height (m); (t): tree age (year);  (v): tree volume
(m3); (d): diameter outside bark at specific height; (h): height at specific diameter; (n):
number of observations; (SD): standard deviation.

Data
type

Variable n Minimum Mean Maximum SD

Fi
tt

in
g 

da
ta D (cm) 110 6.0 35.3 74.5 16.2

H (m) 110 6.6 21.0 32.0 5.5

t (yil) 110 19.0 99.2 181.0 37.3

v (m3) 110 0.008 1.317 5.920 1.315

d (cm) 2340 0.2 24.0 86.0 15.2

h (m) 2340 0.3 11.1 31.3 7.1

Va
lid

at
io

n 
da

ta D (cm) 27 7.5 36.5 66.0 15.0

H (m) 27 8.7 21.9 30.7 4.6

t (yil) 27 17.0 103.3 171.0 32.2

v (m3) 27 0.022 1.337 4.465 1.123

d (cm) 599 0.5 24.2 72.0 14.2

h (m) 599 0.3 11.3 30.3 7.1
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ϕ i=A ij β +Bij bi

Y ij=f (ϕ i , X ij)+ε ij

BIC=−2 ln(L )+k⋅ln(n)

AIC=−2ln (L)+2 k

MAE=
∑i=1

n

|y i− ŷ i|

n

ME=
∑i=1

n

( y i− ŷ i)

n

RMSE=√∑i=1

n
( y i− ŷ i)

2

n−p

Radj
2 =1−

(n−1)∑i=1

n
( y i− ŷ i)

2

(n−p)∑i=1

n
( y i− y i)

2

b̂i~DZi´(R+Z iDZ i´ )
−1 (Y i−A ij β )
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matrix for the random-effects parameters;
Zi′ represents the inverse of the  Zi matrix.
In addition, the component  Yi –  Aijβ in the
above equation is calculated by subtracting
the estimate to be made using only fixed-
effect parameters in the mixed model from
the observed value.

In  determining  the  calibration  response
of the mixed effects models with validation
data, the Sum of Squared Errors (SSE, eqn.
10), Mean Squared Error (MSE, eqn. 11) and
Root-Mean-Square  Error  (RMSE,  eqn.  2)
were  calculated (Castedo-Dorado  et  al.
2006):

(10)

(11)

Results and discussions

Model selection for stem taper
Goodness-of-fit statistics of the stem pro-

file  models successfully fitted to the  data
set are given in Tab. 2. Model 1 (Jiang et al.
2005)  accounted  for 98.34%  of  the  total
variance  in  stem  diameter  estimates,
Model  4 (Fang  et  al.  2000)  explained
97.82%,  while  Model  2 (Max  &  Burkhart
1976) and Model 3 (Parresol et al. 1987) ex-
plained 97.74% and 97.26% of the total vari-
ance,  respectively.  The coefficients  of  de-
termination  of  the  stem  profile  models
(Radj

2)  ranged from  0.9726  to  0.9834,  the

standard errors (RMSE) between 1.955 and
2.514, the mean errors (ME) between 0.043
and 0.291, mean absolute errors (MAE) be-
tween 1.300 and 1.881, the Akaike Informa-
tion Criterion (AIC) values between 9783.8
and 10960.1, and the Bayesian Information
Criterion  (BIC)  values  ranged  between
9812.6 and 10994.6. Moreover, all parame-
ter values of the 4 segmented polynomial
taper models used in this study were found
to be significant with p<0.001 (Tab. 2).

When evaluating the best fit quality crite-
ria  of  the  four  segmented  stem  profile
models used in the study, Model 1 (Jiang et
al. 2005) appeared to be the best perform-
ing model (Tab. 2), with RMSE of 1.955 cm,
ME  of  0.043 cm, MAE of  1.300 cm,  while
the  AIC  value  was  9783.8,  and  the  BIC
value 9812.6 (Tab. 2).

Our  results  are  in  agreement  with  the
findings obtained using the same model in
Caucasian  fir/Oriental  spruce  (R2

adj  and
RMSE of 98.7% and 1.7000 cm, respectively,
in  Çakir  &  Kahriman  2018),  in  Pinus  nigra
(R2

adj  and RMSE of 97.6% and 1.4755 cm, re-
spectively, in  Senyurt et al.  2017),  in  Larix
kaempferi (R2

adj  and  RMSE  of  92.6%  and
2.4190  cm,  respectively,  in  Doyog  et  al.
2017), in Calabrian pine (R2

adj  and RMSE of
97.70% and 1.6302 cm, respectively, in  Ku-
mas  &  Kahriman  2016),  in  Crimean  pine
(R2

adj   and RMSE of 94.44% and 2.2029 cm,
respectively, in Atalay 2014, and 98.43% and
0.9843 cm in Kurt 2014), in Black pine (R2

adj

and RMSE of 98.13% and 1.3848 cm, respec-

tively,  in  Şahin  2012),  in  White  pine  (R2
adj

and RMSE of 97.20% and 1.4205 cm, respec-
tively,  in Li  &  Weiskittel  2010),  in  Yellow
poplar (R2

adj and RMSE of 98.37% and 1.2738
cm,  respectively,  in  Jiang  et  al.  2005),
which are consistent with those obtained
in our study (98.34% and 1.955 cm, respec-
tively). In addition, R2

adj  and RMSE values in
modeling  the  stem  diameter  using  the
Clark  et  al.  (1991) equation  were  0.9804
and 1.234  cm for  the  Dahurian  larch spe-
cies, 0.9127 and 1.2700 cm for the Korean
Spruce species, and 0.9818 and 1.1564 cm
for  the  Manchurian  Fir  species,  respec-
tively, in the study of Hussain et al (2020),
and  were  0.9424  and  0.9849  cm  for  the
white  birch  species,  respectively,  in  the
study of Hussain et al (2021).

To use the model equation of Jiang et al.
(2005) and  estimate  its  parameters,  the
stem diameter of the tree at 5.30 m height
must be known. In this  study, the diame-
ters at 5.30 m height were first determined
by field measurements and used for the ta-
per  and  volume  equations  for standing
Scots pine trees in the study region. The di-
ameter at 5.30 meters for Scots pine trees
in Ardahan  may be derived from  diameter
at breast height and height value using the
following formula (eqn. 12):

(12)

In  this  model  equation,  all  parameters
were found to be significant (p<0.001). The
corrected  coefficient  of  determination  of
the model was 0.976, the standard error of
the estimate was 2.451 cm, the mean error
was 0.115 cm, and the mean absolute error
was 2.006 cm.

The AR (1)  equation structure based on
Jiang et al. (2005) model is presented be-
low (eqn. 13 to eqn. 16):

(13)

(14)

(15)

(16)

where  d5.3 is  the stem diameter over bark
(cm) at 5.30 meters of stem height, and w0

= 1 – h/H, w1 = 1 – 1.30/H, w2 = 1 – 5.30/H, w3 =
h – 5.30,  w4 =  H – 5.30,  k = 80.44276,  p =
7.928066, q = 3.173006, r = 0.812041.

Nonlinear mixed-effects modeling for 
selection taper model

The parameters associated with the Jiang
et al.  (2005)’s  model  equation,  which has
been  found  to  be the  most  successful  in
modeling the diameter  variation along the
stem  log,  were  also  estimated  using the
mixed-effects modeling approach. For this
purpose, one, two, three, and four parame-
ter combinations with random effects were
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Tab. 2 - Goodness-of-fit statistics of the taper models used.

Model Parameter Estimates R2 RMSE ME MAE AIC BIC

Model 1
Jiang et al.

(2005)

b1 76.47923

0.9834 1.955 0.043 1.300 9783.8 9812.6
b2 7.49191

b3 0.823433

b4 3.475003

Model 2
Max & Burkhart

(1976)

b1 -6.31331

0.9774 2.282 0.111 1.674 10509.6 10549.9

b2 3.114493

b3 35.87637

b4 -3.26965

a1 0.128333

a2 0.843195

Model 3
Parresol et al.

(1987)

b1 4.845493

0.9726 2.514 0.291 1.881 10960.1 10994.6

b2 6.807834

b3 -11.1853

b4 11.10006

a1 0.308675

Model 4
Fang et al.

(2000)

a1 0.000027

0.9782 2.234 0.134 1.663 10411.7 10463.5

a2 1.834183

a3 1.269305

b1 0.000011

b2 0.000038

b3 0.00003

p1 0.085951

p2 0.698639
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SSE=∑( y i− ŷ i)
2

MSE= SSE
n

=∑ ( y i− ŷ i)
2

n

F d5.3=d 1.3[0.881+(−1.140 5.27H )
2]

dS=I S[D2(1+(1−w0)
k−w1

k

1−w1
k )]

dB= IB[D2−(D2−d5.3
2 )(w1

p−(1−w0)
p)

w1
p−w2

p ]
dT= IT d5.3

2 [q(w3w4−1)
2

+ IM(1−qr2 )(r−w3w4)
2]

d=(d S+dB+dT )
0.5
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tested for parameters  b1,  b2,  b3 and  b4 of
the stem diameter model. The Root-Mean-
Square Error (RMSE), Akaike’s Information
Criterion  (AIC),  Schwarz’s  Bayesian  Infor-
mation Criterion (BIC) and twice the nega-
tive  log-likelihood  (-2LnL)  criterion  values
were used to determine the best fitting of
a total of 15 different combinations.

The AIC, BIC and -2LnL values  were used
to compare the nonlinear mixed-effects re-
gression models. The model with the low-
est numerical value for these criteria is con-
sidered the best performing model (Caste-
do-Dorado et al. 2006).  The random effect
model  for  parameters  b1 and  b3 had  the
best fitting (RMSE: 1.282; AIC: 8253.3, BIC:
8274.9; -2LnL: 8237.3) for Scots pine in the
Ardahan region. The models with lower er-
ror  values  than  the  double,  triple,  and
quadruple random effects models (b1-b4 , b1-
b2-b3, b1-b2-b4) should not be used as one or
more of their parameters were not signifi-
cant at the 0.05 level. The parameter esti-
mates of the most successful mixed effects
model  (b1 and  b3 random effects parame-
ters) are shown in Tab. 3.

The parameters and fit statistics  for the
Jiang et al. (2005)’s model equation were
also estimated using the autoregressive er-
ror structure approach AR(1) (Tab. 3).  The
model  of  Jiang et  al.  (2005) with the au-
toregressive error structure AR(1) explain-
ed 99.32% of the variance in stem diameter
estimation, while the RMSE of this model
was 1.250 cm, ME was 0.0539 cm, and the
MAE value was 0.8591 cm, and the AIC and
the BIC values were 4672.0 and 4681.5, re-
spectively,  and  the  Durbin-Watson  value
was 1.9984 (Tab. 3). The decrease of RMSE
values from 1.282 cm to 1.250 cm using the
autoregressive error structure AR(1)  com-
pared  to  the  mixed-effects  model  repre-
sents another important advantage of the
former approach.

Calibration responses of the most 
successful stem taper model

In this study, the Jiang et al. (2005) model
(Model  1)  was calibrated  using stem data
from 27 Scots pine trees of the Ardahan re-

gion that were not used for model devel-
opment and parameter estimation.  In de-
termining  the  calibration  responses  of
mixed-effects  models, different  scenarios
were considered, as proposed by Garber &
Maguire  (2003),  Trincado  &  Burkhart
(2006),  Yang et al.  (2009),  Sharma & Par-
ton (2009), Ozçelik et al. 2011, Cao & Wang
(2011),  Gómez-García et al.  (2013),  Senyurt
et al.  (2017) and  Çakir & Kahriman (2018).
The  twenty combinations  of  parameters
(stem diameters) used for calibration were
coded as follows: #1 (d0.3, d1.3 – the two di-
ameters closest to the log bottom), #2 (d0.3

and d5.3), #3 (d0.3 and dh/2), #4 (d0.3 and dh:CBH),
#5 (d1.3 and d5.3), #6 (d1.3 and dh/2), #7 (d1.3 and
dh:CBH), #8 (d5.3  and dh/2), #9 (dh/2  and dh/2±1 –
the  two diameters  in  the  middle  of  the
trees), #10 (dup-1  and dup – the two  diame-
ters closest to the tree top), #11 (d0.3, d1.3,
d2.3 – the 3 diameters closest to the log bot-
tom), #12 (d0.3, d1.3 and d5.3), #13 (d0.3 , d1.3 and
dh/2), #14 (d0.3  , d1.3 and dh:CBH), #15 (d1.3  , d5.3

and dh/2), #16 (d1.3  , d5.3 and dh:CBH), #17 (d1.3  ,
dh/2 and dh:CBH), #18 (d5.3  , dh/2 and dh:CBH), #19
(dh/2-1  , dh/2 and dh/2+1 – the three diameters in
the middle of the trees), #20 (dup-2 , dup-1 and

dup – the  three diameters  closest  to  the
tree top).  Here, dh/2  is the diameter at the
center of the stem, dh:CBH  is the diameter at
the initial crown height (about 65% of the
total height), and dup is the diameter at the
tree top.

Random  effective  parameter  values  (u
and  v parameters)  were  added  to  the  b1

and b3 parameters, and were calculated us-
ing the above 20 different combinations of
parameters  for  each  Scots  pine  sample
tree (27 sample trees). Among the calibra-
tion  options,  the  best  estimation  results
were obtained using the calibration option
#5,  which  included  diameter  at  breast
height  (d1.3)  and  diameter  at  height  d5.3

(SSE:  2684.0,  MSE:  4.4808  and  RMSE:
2.1168).

Calibrated models offer the possibility of
obtaining  more  accurate,  consistent  and
reliable  estimates  (Trincado  &  Burkhart
2006,  Yang et al. 2009,  Cao & Wang 2011).
In  this  study,  diameter  at  breast  height
(d1.3) and the diameter at d5.3  height of the
trees were the calibration options provid-
ing  the  best  results.  Previous studies  by
different researchers have used calibration
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Tab. 4 - Variation of various error values according to relative height values for fixed and mixed-effects and AR(1) models.

Relative
height n

Fixed-effects models Mixed-effects models AR(1) model

RMSE ME MAE RMSE ME MAE RMSE ME MAE

0.0-0.1 249 0.755 0.021 0.147 0.333 -0.045 0.065 0.391 -0.020 0.217

0.1-0.2 238 0.326 -0.015 0.066 0.339 -0.017 0.069 0.276 -0.004 0.068

0.2-0.3 228 0.231 0.011 0.048 0.234 0.008 0.047 0.219 0.006 0.052

0.3-0.4 229 0.353 0.001 0.076 0.315 0.003 0.066 0.238 0.004 0.053

0.4-0.5 235 0.546 -0.002 0.125 0.357 0.003 0.079 0.300 0.002 0.072

0.5-0.6 229 0.645 0.002 0.149 0.299 0.026 0.068 0.288 0.013 0.068

0.6-0.7 234 0.758 0.004 0.176 0.284 0.034 0.068 0.315 0.000 0.076

0.7-0.8 234 0.836 -0.019 0.199 0.426 0.031 0.101 0.344 0.002 0.085

0.8-0.9 231 0.807 -0.017 0.183 0.674 0.031 0.153 0.357 0.015 0.085

0.9-1.0 233 0.573 0.057 0.130 0.573 0.056 0.130 0.347 0.036 0.084

Total 2340 1.955 0.043 1.300 1.282 0.130 0.846 1.249 0.054 0.859
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ryTab.  3 -  Parameter  estimates  and fit  statistics  for  mixed-effects  models  and  after
autoregressive modeling.

Model Components Parameter Estimate Std. Error t-value p

M
ix

ed
-e

ff
ec

ts
 m

od
el Fixed 

Parameters

b1 85.8733 5.2503 16.36 <0.0001

b2 7.5179 0.4927 15.26 <0.0110

b3 0.8822 0.0037 239.07 <0.0001

b4 3.4950 0.0772 45.29 <0.0001

Variance 
component

σ2
u(b1) 7931.7000 0.0164 483861.00 <0.0001

σ2
v(b3) 0.0078 0.0015 5.36 <0.0001

Covariance σ2
uv(b1b3) 2.8341 1.1269 2.51 0.0134

Model error σ2 1.5132 0.0466 32.47 <0.0001

A
R
(1

) 
m

od
el

Parameters

b1 80.4428 1.4594 55.12 <0.0001

b2 7.9281 0.5688 13.94 <0.0001

b3 0.8120 0.0067 120.42 <0.0001

b4 3.1730 0.0909 34.89 <0.0001
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responses which included up to five diame-
ter values taken at different heights  along
the stem (Trincado & Burkhart 2006,  Yang
et al. 2009, Sharma & Parton 2009, Ozçelik
et  al.  2011,  Gómez-García  et  al.  2013,
Senyurt et al. 2017).

Evaluation of stem diameter estimates
The  error  values  of  the  stem  diameter

models  developed for  Scots pine trees  in
Ardahan  region  were  also  examined  in
terms  of standard  error,  mean  error  and
mean  absolute  error  values  of  the  esti-
mates  of  fixed-effects  and  mixed-effects
stem  taper  and  AR(1)  for  relative  height
values (Tab. 4).  The variation of the stan-
dard error  estimates as a function of the
relative length values is shown in Fig. 2.

The  lowest  error  value was  obtained at
0.25-0.35, while the highest error value was

43 iForest 16: 38-46

Fig. 3 - Residual plots for the fixed (left) and mixed (center) effects and AR(1) models (right).

Fig. 4 - Residuals plotted 
against lagged residuals 
for fixed effects models 
(left column), mixed 
effects models (center 
column) and AR(1) mod-
els (right column).
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values of fixed

and mixed
effect and

AR(1) models
by relative size

classes.
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0.9  for  relative  length  for  the  non-linear
fixed-effect model. On the other hand, for
the mixed effects models and AR(1) models
of the same stem diameter model, the low-
est error value for relative length was 0.3,
while the highest was 0.9 (Tab. 4,  Fig. 2).
We found that  the errors for the relative
height  values  obtained  using  the  AR(1)
model were generally lower than those of
the fixed and mixed effect models (Tab. 4,
Fig. 2).

When examining the stem forms of Scots
pine in  the  Ardahan region,  we recorded
that  branching begins at  about 70-80% of
the tree height. As a consequence, the reli-
ability  of  diameter  estimates above these
heights may decrease  due  to stem swell-
ing.

The  distribution  of  errors  in relative
length estimates for the fixed and mixed-
effect  and  AR(1)  error  structure  of  the
Jiang et al. (2005)’s taper model are shown
in Fig. 3. The model with AR(1) parameters
showed the most homogeneous error vari-
ance structure at all relative height values.
Moreover,  the  model  with  random effect
parameters at all relative height values had
a more homogeneous error variance struc-
ture  than  the  nonlinear  model.  In  other
words,  while  the  error  variance  values  in
the  nonlinear  model  increased  with  in-
creasing the relative height values, they re-
mained constant in the mixed-effects and
AR(1) models.

The autocorrelation of errors for the first
three logs of the stem diameter model con-
structed for the Scots pine trees in Arda-
han region is shown in Fig. 4. Here, a posi-
tive correlation was observed in the nonlin-
ear regression model.  However,  the inclu-
sion of the random effects parameters  in
the  model  did  not  completely  solve the
problem of autocorrelation  of  errors (Fig.
4). Previous studies showed that a mixed-
effects  model  with  random  parameters
may not be able to fully eliminate the error
autocorrelation  (Garber  &  Maguire  2003,
Trincado & Burkhart 2006, Ozçelik & Alkan
2020, Hussain et al. 2021). In this study, the
use  of  the  autoregressive  error  structure
AR(1) fully removed the heteroscedasticity
and autocorrelation in the residuals.

Tab. 5 shows the fitting results of the four
stem volume models used for Scots pine in
this study. Here, Model 1 (Jiang et al. 2005)
accounted  for 99.10%  of  the  variance  in
stem volume estimates,  Model 4 (Fang et
al. 2000) explained 98.03%, while Model 3
(Parresol et al. 1987) and  Model 2 (Max &
Burkhart  1976) accounted  for 97.67%  and
97.66% of the total  variance, respectively.
Thus, the most successful model  for stem
volume development  in Scots  pine  is  the
model  developed  by  Jiang  et  al.  (2005),
showing RMSE  value  of  0.1247  m3,  ME
value of 0.0070 m3, and MAE  of 0.083 m3

(Tab. 5).
The boxplots of residuals in each diame-

ter class for the four stem volume models
are shown in  Fig.  5.  Model  1  (Jiang et  al.
2005)  provided  the  lowest  prediction  er-

rors for Scots pine trees. The deviation is
generally  lowest  in  the smallest  diameter
classes and highest in the medium-high di-
ameter classes for all stem volume models
(Fig. 5). Similar results are reported for sev-
eral stem volume models studies by Barrio-
Anta et al. (2007),  Zhao et al. (2019),  Hus-
sain et al. (2020) He et al. (2021), Hirigoyen
et al. (2021). In any case, Jiang et al. (2005)
equation  slightly  underestimated  the  vol-
ume in the smallest diameter classes, over-
estimated in the largest diameter classes,
and largely  overestimated in  the medium
diameter  classes.  The  other  three  equa-
tions used in this study generally underesti-
mated the volume in all diameter classes.

The suitability of the stem volume equa-
tions for the stand from which the samples
were taken  was tested  using an indepen-
dent data set (Laar & Akça 2007).  We ap-
plied the paired Student’s t-test to the vali-
dation data set (20% of the total  data, 27
trees) to test the accuracy of stem volume

predictions  obtained  by  the  four  models
(Tab. 1). The results showed that there was
no significant differences between the ob-
served and  predicted  values  of  stem vol-
umes for all the models (Model 1: Student’s
t=-0.739,  p=0.467;  Model  2:  t=-0.528,  p=
0.602; Model 3: t=-0.134, p=0.895; Model 4:
t=-0.766, p=0.450). This indicates that the
four stem volume models developed in this
study  are  accurate  and  consistent  with
stands of  pure Scots pine in the Ardahan
region.

Conclusions
A compatible segmented taper model for

pure Scots pine stands in the Ardahan re-
gion  of  Turkey  was  developed  using  the
mixed-effects modeling approach and the
AR(1)  structure.  Four  segmented  polyno-
mial taper models were used to predict the
variation of tree stem diameters. The stem
taper  equation  developed  by  Jiang  et  al.
(2005) provided the  most accurate predic-
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Tab. 5 - Fit statistics of the four stem volume equations used in this study.

Model Parameter
Jiang et al.

(2005)
Max & Burkhart

(1976)
Parresol et
al. (1987)

Fang et al.
(2000)

Fit data

ME 0.01 0.01 0.08 0.07

MAE 0.08 0.10 0.12 0.11

RMSE 0.12 0.18 0.20 0.18

R2
adj 0.99 0.98 0.98 0.98

Validation
data

ME -0.03 -0.02 0.06 0.04

MAE 0.07 0.11 0.10 0.09

RMSE 0.11 0.17 0.16 0.14

R2
adj 0.99 0.98 0.98 0.99

Fig. 5 - Box plots of total volume residuals against diameter classes for Scots pine.
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tions, accounting for 98.3% of the variance
in the stem diameter estimate and showing
a standard error of 1.955 cm.

Autocorrelation  and  heterogeneous  dis-
tribution  of  error  variance  are  common
problems in models with hierarchical data
structure. These problems cannot be elimi-
nated in traditional regression models, but
can be solved by the mixed-effects model-
ing approach and the autoregressive error
structure AR(1), which represents the most
important  advantage  of  mixed-effects
models over traditional regression models.
In this  study,  the inclusion of  random ef-
fects parameters to the model reduced the
problem  of  error-related  autocorrelation,
resulting  in  a  more  homogeneous  error
variance  structure  in  almost  all  relative
height  values  and  in  a  reduction  of  the
RMSE values for both the AR(1) and mixed-
effects models, compared with the nonlin-
ear regression model.  Finally, the autocor-
relation problem was  solved using the au-
toregressive  error  structure  AR(1),  as
proven by  the  homogeneous  error  vari-
ance distribution.

Accurate and reliable assessments of tree
or stand volume is highly dependent on the
accuracy of stem taper estimation.  In this
study  we  showed  that  the  estimation  of
stem taper in pure Scots pine stands of the
Ardahan  region  can  be  successfully  per-
formed using nonlinear mixed-effects mod-
eling technique, especially the AR(1) mod-
el,  which  provided  accurate  predictions
within a wide range of diameter at breast
height (6.0 to 75.0 cm) in Scots pine. How-
ever, when it comes to choose the best of
various models with similar prediction suc-
cess  for  a  tree species in any region,  the
practical application of the method and the
preferences of forest managers and practi-
tioners should not be overlooked.
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Fig. S1 - The location of the case study area.

Tab.  S1 -  The taper  functions  of  the four
models evaluated based on fitting data. 
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