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Dimensionless numbers for the net present value and the perpetual 
value of sustainable timber harvests from a monospecific uneven-aged 
forest

Ignacio López Torres (1), 
Carmen Fullana Belda (2)

This paper proposes a simple and direct method to provide reliable approxima-
tions of the net present value (NPV) and the perpetual value (PV) of sustain-
able timber harvests from a monospecific uneven-aged forest based on dimen-
sionless numbers. In addition, two new dimensionless numbers ρNPV and ρPV are
introduced. These use the NPV or PV derived from the sale of timber through-
out a harvest cycle, plus the final stocking value (as numerator), and the fair
value of standing timber under IAS 41 (as denominator). They can be inter-
preted as economic performance indicators for forest management, inspired
by the return on assets accounting concept, showing how profitable the forest
is, relative to its total value, with sustainability and stability criteria. Those
approximations to the variables NPV, PV,  ρNPV and  ρPV, were obtained under
conditions of stable equilibrium from a matrix model. In order to exemplify
and test the results, the model used data from uneven-aged managed Pinus ni-
gra stands,  considering  three levels  of  tree diameter growth, six  levels  of
basal area and 33 levels of recruitment, creating a total of 594 planning sce-
narios. Furthermore, the study revealed the existence of strong linear correla-
tions between those variables and a dimensionless number.

Keywords: Dimensionless Numbers, NPV / PV, Equilibrium, Sustainable Harvest-
ing, Matrix Model, IAS 41

Introduction
By applying conditions  of  stable equilib-

rium from a matrix model,  a recent study
(López  &  Fullana  2015)  found  dimension-
less numbers λ̂0, s‚ and s′ to provide reliable
approximations of, respectively, the popu-
lation growth rate, λ0, the “sustainable/sta-
ble” harvest rate, s, where (eqn. 1):

(1)

and the proportion of trees that has to re-
main  unharvested  in  order  to  retain  the
stable diameter distribution,  s′ (where  s′ =
1/λ0 = 1–s), of a forest stand, by means of
the following expressions (eqn.  2,  eqn.  3,
eqn. 4):

(2)

(3)

(4)

where  R is  the  global  amount  of  recruit-
ment,  G the stand basal area,  pi the transi-
tion probabilities between adjacent diame-
ter classes, and  n and  w, respectively, the
number and width of the diameter classes,
as detailed below (the use of  the circum-
flex above a variable here denotes a new
object that represents an approximation to
that variable,  as defined in eqn.  2,  eqn.  3
and eqn. 4).

Dimensionless numbers are numbers that

represent a property of  a system, but do
not  have  physical  units,  such  as  length,
area, mass or time, associated with them.
Where  such  numbers  exist  for  a  specific
system,  they allow conclusions  about the
behaviour  of  the system to be extracted,
without the need for a more detailed for-
mulation relating all the different variables
involved  in  the  problem  at  hand.  Hence,
their  importance  and  wide  use  in  many
fields,  such as  mathematics,  physics,  biol-
ogy,  engineering,  and  economics  (Szirtes
2007).

In financial sciences in general, indicators
to  quantify  financial  return  have  been
widely applied, using the internal rate of re-
turn (IRR) and the return on assets (ROA –
Brealey et al. 2016). The IRR is defined as
the  discount  rate  that  makes  the  net
present value (NPV) equal to zero, and the
ROA is expressed as the quotient between
profit and the sum of invested capital. At-
tempts  to  derive  similar  return  indicators
for forests are discussed in detail in Knoke
(2017). Mills & Hoover (1982) calculated the
annual  change  in  the  market  value  of
standing timber stock and land, divided by
the market value of timber and land at the
beginning of the year, to obtain an indica-
tor for US timberland.  Weber (2002) com-
puted a similar index for German tree spe-
cies in order to define an indicator for “for-
est performance”, and Hyytiäinen & Pentti-
nen (2008) applied the same perspective in
their analyses of forest assets in Finland.
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In this context, the main aim of this study
was to investigate whether there were re-
lationships  between  those  dimensionless
numbers (in particular, eqn. 3) and the NPV
and PV of sustainable timber harvests from
a monospecific uneven-aged forest. In ad-
dition,  we  have  introduced  two  new  di-
mensionless  numbers,  ρNPV and  ρPV,  using
the NPV or PV derived from the sale of tim-
ber throughout a harvest cycle, plus the fi-
nal stocking value (as numerator), and the
fair value of the standing timber under IAS
41 (IASB 2000) as denominator. These can
be  interpreted  as  economic  performance
indicators for forest management, inspired
by the ROA accounting concept,  showing
how profitable the forest is, relative to its
total value, with sustainability and stability
criteria.  Moreover, we demonstrated that
there  are  strong  linear  correlations  be-
tween those numbers and s; to that end, it
will  be used the matrix model  applied  to
uneven-aged  managed  Pinus  nigra stands
by López et al. (2012, 2013, 2016), which ac-
curately describes the stand dynamics.

Matrix  models,  introduced  by  Leslie
(1945) and  modified  by  Lefkovitch (1965)
by  grouping  organisms  in  terms  of  stage
categories  rather  than  age  categories,
have been applied to almost all the subject

areas  of  forestry  (Usher  1969,  Caswell
2001, Vanclay 2012, Liang & Picard 2013). In
forest  management,  matrix  models  have
been applied, for example, to evaluate eco-
nomic  outcomes  (Buongiorno  &  Michie
1980, Fortini et al. 2015) and ecological im-
pacts (Van Mantgem & Stephenson 2005,
Zhou et al. 2008), or to optimise silviculture
in mixed uneven-aged forests to increase
the  recruitment  of  browse-sensitive  tree
species without intervening in the ungulate
population  (Ficko  et  al.  2018).  A  matrix
population model  works  in  discrete  time,
projecting a population from time t to t + 1
using a transition matrix (1 here represents
the time step or  projection interval).  It  is
defined by the finite difference linear sys-
tem of equations X(t+1) = AX(t), where X(t)
and  X(t+1)  are column vectors  containing
the number of stems ha-1 within each diam-
eter  class  at  time  t and  t+1,  respectively,
and  A is  the  transition  matrix.  In  these
models,  the  population  growth  rate  (i.e.,
the temporal rate of exponential change of
the population number of individuals in the
long term) is the dominant eigenvalue, λ0

of  A, and the equilibrium position (stable
diameter distribution in this study) is deter-
mined by the right eigenvector,  W0, corre-
sponding  to  λ0.  By  asymptotic  analysis

(long term behaviour), we know that, inde-
pendent of the initial conditions, when λ0 >
1, the total number of stems ha -1 of the tree
population  increases  exponentially  over
time  (unless  harvests  are  conducted);
when λ0 < 1 the population decays until ex-
tinction; and when λ0 = 1, a stable distribu-
tion proportional to W0 is obtained. Gotelli
(2001) referred to the special  case of  the
stable distribution when λ0 = 1 as the “sta-
tionary  distribution”;  we  considered  the
same case in reference to the stable diame-
ter distribution of the stand W0.

Materials and methods

Stand population dynamics model
The  matrix  model  uses  the  transition

probabilities obtained in López et al. (2012,
2013)  for  uneven-aged  managed  Pinus  ni-
gra stands, considering three levels of tree
diameter growth (Quality I, faster; Quality
II, medium; and Quality III, slower diameter
growth  – Tab. 1,  Fig. 1). The stands are lo-
cated  in  the  Spanish  Iberian  System,  a
mountain  range extending about 400 km
along the north-eastern edge of the central
plateau, concentrating 60% of the area oc-
cupied by  Pinus  nigra in  Spain  (Grande &
García  Abril  2005).  Based  on  data  from
those  stands,  the  model  simulates  out-
comes  for  594  different  forest  manage-
ment  planning  scenarios:  three  diameter
growth  levels  (Qualities  I-III)  × six  basal
area levels (G = 21 to G = 26 m2 ha-1) × 33 re-
cruitment levels (R = 200 to R = 840 stems
ha-1). Group selection cutting was the silvi-
cultural system used because Pinus nigra is
not a shade-tolerant species, and the gaps
opened in the canopy through single-tree
selection  cutting  would  not  be  large
enough to ensure regeneration.

Since  the  harvesting  operations  in  the
study  area  generally  took  place  every  10
years,  this  was  the  time step  adopted  in
the  model.  Considering  this  time  step,
trees were grouped into n diameter classes
of equal width, w = 6 cm: (0, 6), (6, 12), (12,
18),  …, (30, 36), …, with the last class be-
ing (48, ; more than 48 cm) for Quality I,→
(42, ; more than 42 cm) for Quality II and→
(36, ;  more  than  36  cm)  for  Quality  III.→
Therefore,  an  individual  tree  in  class  k
could remain in class k or progress to class
k+1 during the projection interval  (t,  t+1).
The number of trees in each class changed
in each projection interval,  because some
were  harvested,  some  remained  in  the
same diameter class and others grew past
the boundary to the next diameter class. In
such conditions,  pk is  the probability  that
an individual tree in class k at time t (initial)
will  appear  in  class  k+1  at  time  t+1  (final
time of projection); the recruitment coeffi-
cient, rk, is the number of offspring (stems
ha-1) living at time t+1 produced in the inter-
val of projection (t, t+1) by an average tree
in class  k at time  t (similar  to many stan-
dard size classified matrix models,  r1 = 0  –
Caswell 2001);  hk(t) defines the proportion
of harvested trees in class  k, natural mor-
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ry Tab. 1 - Transition probabilities between diameter classes for each quality. (n): number
of diameter classes; (w): width of the diameter classes (= 6 cm).

n
Quality I Quality II Quality III

9 8 7

(0, 6]  (6, 12]→ p1 = 0.7697 p1 = 0.5951 p1 = 0.4564
(6, 12]  (12, 18]→ p2 = 0.8602 p2 = 0.6824 p2 = 0.5326
(12, 18]  (18, 24]→ p3 = 0.7913 p3 = 0.6200 p3 = 0.4697
(18, 24]  (24, 30]→ p4 = 0.6828 p4 = 0.5190 p4 = 0.3692
(24, 30]  (30, 36]→ p5 = 0.5533 p5 = 0.3971 p5 = 0.2475
(30, 36]  (36, 42]→ p6 = 0.4106 p6 = 0.2618 p6 = 0.1119
(36, 42]  (42, 48]→ p7 = 0.2587 p7 = 0.1171 -
(42, 48]  (48, )→ → p8 = 0.1000 - -

∏ pk 0.002104 0.001590 0.001168

Fig. 1 - Diameter growth
models. I: site index 20, D =

51.68(1 - e-0.015259t)1.255111; II: site
index 17, D = 46.645633(1 -

e-0.014318t)1.337062; and III: site
index 14, D = 40.644134(1 -

e-0.013838t)1.456382. (D): dbh in
cm; (t): time in years. The
coefficient of determina-

tion was always greater
than 0.999.



Dimensionless numbers for sustainable timber harvests

tality  included;  xk(t)  and  xk(t+1)  describe
the stem densities in class  k at the initial
and final times of projection. Finally,  R =  r2

x2 +  r3 x3 +  … +  rn xn denotes  the global
amount of recruitment at each time step,
defined as the total number of trees enter-
ing into the first diameter class from  t to
t+1, generally above a certain threshold di-
ameter. Notice that 0 < pk < 1 for k = 1, 2, …,
n-1; rk ≥ 0 for k = 2, 3, …, n, with R = 0, if and
only if rk = 0 for all k; and xk > 0 for k = 1, 2,
…, n.

By analysing the dynamics of the projec-
tions, we found that the model is described
accurately by the matrix model (eqn. 5):

(5)

where (eqn. 6):

(6)

I is the identity matrix of order  n, H(t) =
diag[h1(t), h2(t), …, hn(t)] is a diagonal ma-
trix with the harvest rates  hk(t),  including
natural mortalities, and X(t) and X(t + 1) are
column vectors indicating the stem densi-
ties at the initial and final times of projec-
tion, respectively.

Sustainable/stable harvesting strategy 
and stable diameter distribution

The “sustainable/stable” harvesting strat-
egy is aimed at reaching the stable diame-
ter distribution of the stand for each har-
vest, yielding the harvest rate,  s, shown in
eqn. 1 for all the diameter classes and time
steps;  the  population  growth  rate,  λ0,  is
the dominant eigenvalue of the transition
matrix  without  harvests  (i.e.,  matrix  A),
and s also includes the natural mortalities.
This  is  a  sustainable  harvesting  strategy
too (in the sense of population persistence
over  time)  because  s corresponds to  the
case in which the right eigenvector associ-
ated with  the dominant  eigenvalue equal
to 1 of the transition matrix with harvests,
i.e., matrix A(I-H), is W0.

On the other hand, the equilibrium is de-
fined by the stable diameter distribution of
the stand  W0, which is simultaneously the
right eigenvector of the matrices A and A(I-
H)  corresponding,  respectively,  to  the
dominant  eigenvalues  λ0 and  1.  Thus  the
components of the stable diameter distri-
bution of the stand N1, N2, …, Nn (stems ha-

1) were obtained by solving the linear sys-
tem AW0 = λ0 W0, yielding (proportional to)
the  vector  W0 =  (N1,  N2,  N3,  …,  Nn-1,  Nn),
where (eqn. 7):

(7)

for 1< i < n-1, and (eqn. 8):

(8)

NPV function
Considering  that  the  main  aim  for  the

stands in the study area is the production
of timber, the objective function is the NPV
of all management operations over a plan-
ning horizon of  T years, discounted to the
beginning of the period, that is (eqn. 9):

(9)

where vk(t) is the stumpage value that cor-
responds to class k at year t (€ stem-1) and i
is  the  discount  rate  (López  et  al.  2013,
2016). The first summation represents the
income  derived  from  the  sale  of  timber,
and the second is the final stocking value.
Harvesting  costs  are  not  considered  be-
cause it is assumed that harvesting opera-
tions are not paid for the owner,  but for
the buyer of the stumpage. The costs for
the owner of the land are the opportunity
cost  of  invested capital  and the opportu-
nity cost of land. None of them are explicit
costs,  but  they are incorporated into the
NPV function. It is well known that the NPV
is a justifiable management objective for a
single economic goal (Siegel et al. 1995).

The corresponding function of that man-
agement regime maintained in perpetuity
is given by (eqn. 10):

(10)

In the case of the equilibrium defined by
the  “sustainable/stable”  harvesting  strat-
egy, since hk(t) = s, xk(t) = Nk, for k = 1, 2, …,
n and t = 0, 10, 20, …, the above equations
become (eqn. 11, eqn. 12):

(11)

(12)

Since the stumpage prices of  Pinus nigra
in Spain remain fairly stable through time
(MAGRAMA 2012),  simplifying eqn.  11  and
eqn. 12 we obtain (eqn. 13, eqn. 14):

(13)

(14)

where  ∑ Nk  vk represents the fair value of
standing timber under IAS 41 (IASB 2000).
By  dividing  eqn.  13  and  eqn.  14  by  this
value, we obtain (eqn. 15, eqn. 16):

(15)

(16)

which means  that,  for  previously  defined
values of  i and  T, there is a positive linear
correlation between the NPV weighted by
the fair  value of  standing timber,  ∑ Nk  vk,
that  is  ρNPV,  and  s (resp.  between the PV
weighted by ∑ Nk vk, that is ρPV, and s). Note
that  ρNPV and  ρPV are  dimensionless  num-
bers.  Furthermore,  given  that  there  is  a
strong positive linear correlation between
s and  s‚  (López  &  Fullana  2015),  it  is  ex-
pected that, for previously defined values
of  i and T, there must be a strong positive
linear correlation between these variables
ρNPV and ρPV, and s, as we demonstrate be-
low.

Stumpage value model
The stumpage value model applied in this

study comes from López et al. (2013, 2016).
In Tab. 2, we provide the stumpage values
we  used  to  obtain  the  economic  data
(Montero et al. 1992, Trasobares & Pukkala
2004).  The regression models adjusted to
these data appear in  Fig. 2. The stumpage
prices of Pinus nigra in Spain remained fair-
ly stable between 1994 and 2011 (MAGRA-
MA 2012).
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X (t+1)=A[ I−H (t) ]X ( t)

A=[
1−p1 r2 r 3 ⋯ r n−1 rn
p1 1− p2 0 ⋯ 0 0
0 p2 1− p3 ⋯ 0 0
⋮ ⋮ ⋮ ⋱ ⋮ ⋮
0 0 0 ⋯ 1− pn−1 0
0 0 0 ⋯ pn−1 1

]

N i=(λ 0−1)∏
k=2

n−1

(λ 0−1+ pk) ,

N i=(λ 0−1)(∏
k=1

i−1

pk)(∏
k=i +1

n−1

(λ 0−1+ pk))

N n−1=(λ0−1)∏
k=1

n−2

pk ,

N n=∏
k=1

n−1

pk

NPV=∑
k=1

n

∑
t=0

T−10

xk( t)hk( t)vk (t )
1

(1+i)t

+∑
k=1

N

xk(T )vk (T )
1

(1+i)T

PV=∑
k=1

n

∑
t=0

∞

xk (t )hk (t )vk( t)
1

(1+i)t

NPV=∑
k=1

n

∑
t=0

T−10

N k s vk( t)
1

(1+i)t

+∑
k=1

n

N k vk (t )
1

(1+i)T

PV=∑
k=1

n

∑
t=0

∞

N k svk (t )
1

(1+i)t

NPV=s∑
k=1

n

N k vk ∑
t=0

T−10
1

(1+i)t
+

+∑
k=1

n

N k v k
1

(1+i)T
=

=[s (1+i)
−T

−1

(1+i)−10−1
+

1

(1+i)T ]∑k=1
n

N k vk

PV=s∑
k=1

n

N k vk∑
t=0

∞ 1
(1+i)t

=

=s
1

1−(1+i)−10
∑
k=1

n

N k vk

ρ NPV=
NPV

∑
k=1

n

N k vk

=s
(1+i )−T−1

(1+i)−10−1
+

1

(1+i)T

ρ PV=
PV

∑
k=1

n

N k vk

=s
1

1−(1+i)−10

Tab. 2 - Stumpage prices (€ m-3) of Pinus nigra in Spain according to diameter class and
industrial destination.

Products
Diameter classes (cm)

<20 20-40 >40

Particle 6 1.2 0.6
Poles 0 11.85 0
Sawlog 0 9.8 11.76
High-quality sawlog 0 0 9.96
Total average price 6 22.85 22.32
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The last row in Tab. 2 shows the average
price per cubic metre for trees belonging
to the different diameter classes. This price
was obtained by adding up the four rows
above in Tab. 2 that show the contributions
to the final value of a tree for the four in-
dustrial destinations according to the per-

centage  of  wood  of  each  diameter  class
going into each product type. The prices of
particle  board,  poles,  sawlogs,  and  high-
quality  sawlogs  were  6.0,  39.5,  19.6  and
33.2  €  m-3,  respectively.  It  is  necessary  to
point out that the demand for timber poles
in  Spain  is  very  high,  and  therefore  they

reach a higher price than larger-sized saw-
logs.

Results
By substituting transition probabilities  pi,

recruitment  R, basal area  G, together with
w and n into the eqn. 3, we obtained s, as
summarised in  Tab. 3, for selected scenar-
ios.

On the other hand, by applying eqn. 7 and
eqn. 8, we obtained the components Nk of
the stable diameter distributions W0 of the
stand,  as  summarized in  Tab.  4 for  some
scenarios. The λ0 values were obtained for
each  scenario  under  conditions  of  stable
equilibrium from eqn.  5,  using the transi-
tion matrix without harvests, and the s val-
ues came from eqn. 1.

On the basis of the above data, by substi-
tuting Nk, s, s, i, T and vk into eqn. 13 to eqn.
16,  we obtained NPV,  PV,  ρNPV and  ρPV,  as
summarised in Tab. 5 and Tab. 6, for i = 3%,
T =  90  years  and several  scenarios.  Addi-
tionally,  Fig. 3 and  Fig. 4 depict the points
(s, NPV) for T = 90, (s, PV), (s,  ρNPV) for T =
90, and (s, ρPV), respectively (198 points for
each case).

The  discount  rates  applied  fell  between
2% and 4%,  as is  typical  in forest  manage-
ment studies, and the time horizon used to
calculate the NPV ranged between 50 and
130 years. The influence of small variations
in the discount rate i, or the time horizon T,
on  the  results  was  minimal  because  they
did  not  change  the  behaviour  of  the  ex-
pressions shown in Materials and Methods
(chapter “NPV functions”).

Regarding the  regressions,  we obtained
the following results:
• As already mentioned, for previously de-

fined values of i and T, the dimensionless
numbers ρNPV and s have a strong positive
linear correlation (see Fig. 4). For i = 3%, in
particular,  the  total  proportion  of  vari-
ance  in  ρNPV explained  by  s was  r2 =
0.99974  for  Quality  I,  r2 =  0.99965  for
Quality II, and r2 = 0.99956 for Quality III.
It is important to note that such r2 values
do not depend on the planning horizon T.

• Similarly, for each discount rate  i, the di-
mensionless  numbers  ρPV and  s have  a
strong  positive  linear  correlation,  with
the  same  r2 values  as  described  above
(Fig. 4).

38 iForest 12: 35-42

Tab. 3 - Numerical values of s and s (as defined in eqn. 4) for Qualities I, II and III.

Quality G
(m2 ha-1)

Variable R = 200
stem ha-1

R = 520
stem ha-1

R = 840
stem ha-1

Q I

22
s 0.233770 0.323259 0.372742
s 0.350669 0.375210 0.387782

24
s 0.226305 0.314580 0.363570
s 0.348471 0.372946 0.385489

26
s 0.219546 0.306683 0.355205
s 0.346454 0.370868 0.383384

Q II

22
s 0.207665 0.292049 0.339704
s 0.318779 0.345258 0.358932

24
s 0.200729 0.283764 0.330816
s 0.316422 0.342804 0.356433

26
s 0.194462 0.276245 0.322732
s 0.314262 0.340553 0.354142

Q III

22
s 0.180733 0.259707 0.305332
s 0.278309 0.306537 0.321290

24
s 0.174348 0.251850 0.296767
s 0.275820 0.303901 0.318585

26
s 0.168593 0.244738 0.288999
s 0.273542 0.301487 0.316108
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ry Fig. 2 - Stumpage value
models: Quality I: v = D3.186471

exp(-7.704952 - 8.678687 ·
10-3 D); Quality II: v = D3.114196

exp(-7.476506 - 9.903125 ·
10-3 D); and Quality III: v =

D2.987053 exp(-7.110977 -
1.078752 · 10-2D); stumpage

values (v) in € stem-1 and
diameter (D) in cm. The

coefficient of determination
was always greater than

0.9999.

Tab. 4 - Stable diameter distributions (W0). Components in stem ha-1, as defined in eqn. 7 and eqn. 8.

Quality G
(m2 ha-1)

R = 200 stem ha-1 R = 840 stem ha-1

Q I

22 [186.1, 122.9, 96.4, 77.2, 61.4, 47.5, 34.6, 22.1, 7.2] [615.9, 325.9, 202.3, 125.4, 74.6, 41.1, 19.8, 7.4, 1.2]

24 [188.3, 125.7, 99.8, 81.0, 65.4, 51.4, 38.3, 25.3, 8.6] [626.4, 336.8, 212.6, 134.2, 81.5, 45.9, 22.7, 8.8, 1.5]

26 [190.3, 128.3, 102.9, 84.5, 69.1, 55.3, 42.0, 28.5, 10.1] [636.1, 347.0, 222.4, 142.6, 88.2, 50.8, 25.7, 10.2, 1.9]

Q II

22 [233.3, 147.0, 113.7, 90.3, 71.1, 53.9, 37.2, 16.6] [757.0, 376.4, 226.4, 135.8, 77.3, 39.6, 16.4, 3.7]

24 [236.3, 150.7, 118.0, 95.0, 76.1, 58.9, 41.9, 19.5] [771.0, 389.9, 238.8, 146.1, 85.0, 44.7, 19.1, 4.5]

26 [239.1, 154.0, 122.0, 99.5, 80.9, 63.8, 46.6, 22.6] [783.9, 402.5, 250.5, 156.0, 92.7, 49.8, 22.0, 5.4]

Q III

22 [295.4, 179.0, 138.1, 110.0, 86.7, 64.6, 32.8] [937.6, 440.2, 257.8, 149.7, 80.5, 36.1, 9.2]

24 [299.6, 183.8, 143.8, 116.4, 93.7, 71.8, 38.0] [956.3, 457.2, 273.0, 162.1, 89.4, 41.4, 11.0]

26 [303.4, 188.3, 149.1, 122.5, 100.4, 79.0, 43.6] [973.6, 473.1, 287.6, 174.1, 98.3, 46.9, 12.9]
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ryTab. 5 - NPV (for T = 90 years) and PV values (€ ha -1) for the “sustainable/stable” harvesting strategies for i = 3% and Qualities I, II and
III.

Quality G (m2 ha-1) Param R = 200 stem ha-1 R = 520 stem ha-1 R = 840 stem ha-1

Q I

22
NPV 5319.159 6191.831 6500.993
PV 5284.168 6283.379 6646.680

24
NPV 5701.675 6682.311 7038.929
PV 5649.995 6770.617 7187.771

26
NPV 6074.394 7163.932 7569.088
PV 6004.851 7247.846 7720.004

Q II

22
NPV 4185.287 5021.953 5359.973
PV 4118.386 5065.793 5454.054

24
NPV 4474.700 5404.061 5785.948
PV 4390.309 5441.416 5879.039

26
NPV 4756.044 5778.243 6204.543
PV 4653.231 5808.146 6295.701

Q III

22
NPV 3131.227 3909.704 4264.179
PV 3042.728 3913.709 4313.000

24
NPV 3336.493 4191.150 4584.694
PV 3230.809 4186.435 4629.266

26
NPV 3535.449 4465.779 4898.460
PV 3411.887 4451.574 4938.000

Tab. 6 - ρNPV (for T = 90 years) and ρPV dimensionless numbers for the “sustainable/stable” harvesting strategies for i = 3% and Quali-
ties I, II and III.

Quality G (m2 ha-1) Param R = 200 stem ha-1 R = 520 stem ha-1 R = 840 stem ha-1

Q I

22
ρNPV 0.9195 1.2448 1.4246
ρPV 0.9135 1.2632 1.4566

24
ρNPV 0.8924 1.2132 1.3913
ρPV 0.8843 1.2293 1.4207

26
ρNPV 0.8679 1.1845 1.3609
ρPV 0.8579 1.1984 1.3880

Q II

22
ρNPV 0.8247 1.1314 1.3046
ρPV 0.8115 1.1412 1.3275

24
ρNPV 0.7995 1.1012 1.2723
ρPV 0.7844 1.1089 1.2927

26
ρNPV 0.7767 1.0739 1.2429
ρPV 0.7599 1.0795 1.2611

Q III

22
ρNPV 0.7268 1.0138 1.1796
ρPV 0.7062 1.0149 1.1931

24
ρNPV 0.7036 0.9853 1.1485
ρPV 0.6813 0.9841 1.1597

26
ρNPV 0.6827 0.9594 1.1203
ρPV 0.6588 0.9564 1.1293

Fig. 3 - First row: set of points (s,
NPV) for T = 90; second row: set of

points (s, PV). Left: Quality I; mid-
dle: Quality II; right: Quality III (198

total points for each case, 33 points
for each basal area level, six points

for each recruitment level, and 
i = 3%).
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• For  previously  defined  values  of  basal
area (between G = 21 m2 ha-1 and G = 26 m2

ha-1), i and T, the variables NPV and s have
a  strong  positive  linear  correlation  (Fig.
3). The same result holds for the variables
PV and s. The best approximations always
occurred for the lowest level of diameter
growth and the highest basal area scenar-
ios,  with  r2 being  very  close  to  1  in  all
cases.

• For  previously  defined values  of  recruit-
ment level (between R = 200 and R = 840
stems ha-1), i and T, the variables NPV and
s have a strong negative linear correlation
(Fig.  3).  The  same  result  holds  for  the
variables PV and  s.  The best approxima-
tions always occurred for the lowest level
of  diameter  growth  and  the  lowest  re-
cruitment  scenarios,  with  r2 being  very
close to 1 in all cases.

Discussion and conclusions
This paper proposes a simple and direct

method based on dimensionless numbers,
obtained under  conditions of  stable equi-
librium from a matrix model, to provide re-
liable approximations of the NPV, PV,  ρNPV

and  ρPV of  a  monospecific  uneven-aged
stand. In fact, these variables were related
to  s (see eqn. 3), which is a dimensionless
number based on the following variables:
(a)  the  transition  probabilities  pk,  which
can be calculated from counts of observed
transitions  between  adjacent  diameter
classes from t to  t+1; (b) the basal area of
the stand  G, and the global amount of re-
cruitment R. Although Pinus nigra regener-
ates well  in the study area under its own
canopy  (Retana  et  al.  2002,  Tiscar  2007),
there is a critical basal area that allows suf-
ficient  light  transmittance  for  regenera-
tion. This maximum value is around 20-30
m2 ha-1 (Schütz  1989,  Serrada  et  al.  1994,
Monge  Reyes  1997).  On  the  other  hand,
basal area clearly below 20 m2 ha-1 (before
harvesting)  could  compromise  natural  re-

generation  (Serrada  et  al.  1994).  Conse-
quently, in addition to three levels of diam-
eter growth (Qualities I-III), we considered
six levels of stand basal area from G = 21 to
G =  26 m2  ha-1,  and 33 levels  of  global  re-
cruitment, from  R  = 200 stems ha-1  (scarce
recruitment) to  R = 840 stems ha-1  (abun-
dant recruitment), creating a total of 594
planning  scenarios.  The  corresponding
problems simulated a wide variety of typi-
cal  management  cases  in  the  study  area;
and (c) the number n and width w of the di-
ameter classes. As shown in  López & Ful-
lana (2015), these scaling factors  n and  w
could  have  a  limited  influence  on  s and
therefore on the NPV, PV,  ρNPV and  ρPV val-
ues.

The  ρNPV and  ρPV dimensionless  numbers
should not be interpreted as a kind of IRR,
but  as  economic  performance  indicators
for  forest  management  inspired  by  the
ROA accounting concept, using the NPV or
PV  derived  from  the  sale  of  timber
throughout a harvest cycle,  plus the final
stocking value (as numerator), and the fair
value of standing timber (as denominator),
showing how profitable the forest is rela-
tive  to  its  total  value,  with  sustainability
and  stability  criteria.  Application  of  the
NPV (or PV) implies the introduction of  a
discount rate exogenously defined. In this
regard, we applied the same criteria as in
the International Financial Reporting Stan-
dards  (IFRS),  in  particular  IAS  41  (IASB
2000),  to  estimate  that  exogenous  dis-
count rate. In fact,  IAS 41 (IASB 2000), in
applying  the  expectation  value  approach
to forest valuation, when referring to the
process of deriving the present value of ex-
pected net cash flows for a forest stand,
prescribed  the  use  of  a  determined  dis-
count  rate  in  each  case,  recommending
that assumptions about these rates should
be internally consistent with the underlying
economic factors of the sector. By using a
discount  rate  in  accordance  with  interna-

tional accounting standards, the possibility
of manipulation should be avoided or lim-
ited. Thus, to consider the incorporation of
eventual  risks,  in  this  study  we  initially
chose  a wide range of discount rates from
2% to 4%, typical of forest management sce-
narios (Hyytiäinen & Penttinen 2008,  HM-
Treasury 2013, Knoke 2017). Note that (eqn.
17):

(17)

It  is  not  surprising  therefore  that  the
highest  ρNPV and  ρPV values were obtained
for  Quality  I,  followed  by  Quality  II  and
Quality III  (see  Tab. 6 and  Fig. 4).  In fact,
since there is a strong positive linear corre-
lation between these numbers and  s,  and
considering  that  the  core  of  this  dimen-
sionless number  s is given by the quotient
(eqn. 18):

(18)

under the same conditions for R and G, the
faster the flow of the stems through the di-
ameter classes (i.e., the higher product of
the transition probabilities),  the greater  s
and consequently the greater the ρNPV and
ρPV values. Likewise, within each site quality
(where the product of the transition proba-
bilities  may  be  assumed  to  be  constant),
the key factor underlying the  ρNPV and  ρPV

equations is the quotient R/G, which means
that  the  greater  R/G,  the  more profitable
the  forest  will  be (i.e.,  the  G =  21  m2 ha-1

with  R =  840  stems  ha-1 is  the  most
favourable  scenario  in  this  context).  Two
arrows in  Fig.  4 point in the directions of
the higher and lower R/G values.

Furthermore,  the  strong  positive  linear
correlation  between  ρNPV and  ρPV and  s
means that, stratifying the forest into uni-
form  areas  based  upon  tree  diameter
growths,  the  same  linear  regression  line
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ry Fig. 4 - First row: set of points (s, 
ρNPV) for T = 90; second row: set of 
points (s, ρPV). Left: Quality I; mid-
dle: Quality II; right: Quality III (198 
points for each case, and i = 3%).

lim
T →+∞

ρ NPV=ρ PV

R∏
i=1

n−1

pi

G
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can be  used in  each stratum  to  estimate
the  ρNPV and  ρPV dimensionless  numbers.
The same result holds for the variables NPV
or PV and  s for each basal area or recruit-
ment  levels,  although,  in  the  latter  case,
the corresponding strong linear correlation
is negative.

Since  the  model  rests  on  sustainability
and stability  criteria,  it  is  important to in-
vestigate  the  sensitivity  of  the  results  to
deviations from the equilibrium (stable di-
ameter distribution); in particular, whether
the strong linear relationship between the
dimensionless numbers,  ρNPV and ρPV, and s
is  sensitive  to  changes  in  the  equilibrium
position.  In  this  regard,  there  have  been
two  recent  studies  involving  Pinus  nigra
stands in the study area (López et al. 2013,
2016), both maximising the same NPV func-
tion,  constrained  by  the  same  matrix
model  to describe the population dynam-
ics, and with the same initial condition (the
stable  diameter  distribution),  as  used  in
this study. Additionally, in the second one
the final condition was assumed as the sta-
ble diameter distribution of the stand, and
a wide variety of typical management sce-
narios in the study area, obtained by com-
bining  three  rates  of  diameter  growth
(Qualities I-III), three levels of basal area (G
= 22, 24 and 26 m2 ha-1), and three levels of
recruitment (R = 200,  520 and 840 stems
ha-1), were considered. The first one (here-
after S1) showed that the economically op-
timal  harvesting strategies underlying the
solutions for that model changed the stand
towards  distributions  substantially  devi-
ated from the stable diameter distribution;
and  the  second  (hereafter  S2)  revealed
that  the  stand  diameter  distribution  did
not deviate substantially from the equilib-
rium  position  over  time.  The  NPV  values
obtained for the optimal harvesting strate-
gies from S2 were always below those of
the optimal  harvesting strategies from S1
(where no restrictions were introduced for
the final state), and above the NPV values
obtained under sustainability  and stability
criteria.

In each case, the  ρNPV and  ρPV dimension-
less  numbers  were  computed,  and  a  re-
gression analysis was conducted, using the
same  s values as in this study. The results
showed that, in both S1 and S2 strategies
the strong linear relationship between the
dimensionless numbers  ρNPV and  ρPV, and  s
was not sensitive to changes in the equilib-
rium  position,  with  r2 values  being  very
close to 1 in all cases. The lowest  r2 values
always occurred for the lowest level of di-
ameter growth, with the minimum value of
r2 being 0.9986 for the strategy S1.

In conclusion, this study showed that, un-
der  sustainability  and  stability  criteria,
there  is  a  strong  influence of  the dimen-
sionless  number  s on the  NPV and PV of
the forest harvesting strategies. Addition-
ally,  ρNPV and  ρPV might  be  interpreted  as
economic  performance indicators  for  for-
est management, inspired by the ROA ac-
counting concept, showing how profitable

the forest is relative to its total value, with
sustainability and stability criteria. Those di-
mensionless numbers would also allow the
extraction of conclusions about the behav-
iour of NPV of the forest harvesting, cap-
turing  information  of  all  the  global  vari-
ables involved in the problem (e.g., recruit-
ment,  basal  area  and transition probabili-
ties between diameter classes). Moreover,
the study showed that there are strong lin-
ear  correlations  between  the  variables,
NPV, PV, ρNPV , ρPV, and s.
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